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MODULE-1 

Introduction to Civil Engineering &Engineering Mechanics 

1 Introduction 
~ 
~ 
L Civil engineers have one of the world's most important jobs: they build our quality J3 of life. With creativity and technical skill, civil engineers plan, design, construct and 
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Environmental 
Engineering 

engineering, where the civil 

Providing shelter to people in the form of low cost houses to high rise apartments. 
Laying ordinary village roads to express highways. 

3. Constructing irrigation tanks, multipurpose dams & canals for supplying water to 
agricultural fields. 

4. Supplying safe and potable water for public & industrial uses. 
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5. Protecting our environment by adopting sewage treatment & solid waste disposal 
techniques. 

6. Constructing hydro-electric & thermal-power plants for generating electricity. 
7. Providing other means of transportation such as railways, harbour & airports. 
8. Constructing bridges across streams, rivers and also across seas. 
9. Tunneling across mountains & also under water to connect places easily & reduce 

distance. 

1. 

2. 

3. 

4. 

5. 

. e, dam, retammg 
J d from a certain 
ould be thoroughly 

Irrigation & Water resources engineering (Hydraulics Engineering): Irrigation is the 
process of supplying water by artificial means to agricultural fields for raising crops. 
Since rainfall in an area is insufficient or unpredictable in an area, water flowing in a 
river can be stored by constructing dams and diverting the water into the canals & 
conveyed to the agricultural fields. Apart from dams & canals other associated structures 
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like canals regulators, aqua ducts, weirs, barrages etc. are also necessary. Hydro electric 
power generation facilities are also included under this aspect. 

6. Water Supply and Sanitary Engineering (Environmental Engineering): People in 
every village, town & city need potable water. The water available (surface water & 
ground water) may not be fit for direct consumption. In such cases, the water should be 
purified and then supplied to the public. For water purification, sedimentation tanks, filter 
beds, etc. should be designed. If the treatment plants are for away from the town or city, 
suitable pipelines for conveying water & distributing it should also be designed. In a 
town or city, a part of the water supplied returns as sewage. This sewage should be 
systematically collected and then dispos~d into the natural environment after providing 
suitable ~reatment. The solid ~fJt a ts enyrated in a tow? or locality sho~ld be 
systematically collected a~~ ij1s . 0 e of f rs, -itabfl· Before disposal, segregat10n of 
materials should be don~ , h t . n · al:fia; c · l:, -~ ecycled & we can conserve our 
natural resources. ""'-1 ~ 

7. 

1.1.2 Effects of I 

country: 

development of a regio 

1. 
2. 
3. 
4. 
5. 
6. 
7. Housing facilities 
8. Recreation facilities 

The well being of a nation is dependent on the quality & the quantity of the above services that 
are provided to the public. Development of infrastructure has number of good effects which can 
be listed as follows. 

1. It is a basic necessity for any country or state. 
2. It forms a part of business, research & education. 
3. It improved health care & Cultural activities. 
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4. It provided housing & means of communication to people. 
5. It provided direct employment to many number of skilled, semiskilled & unskilled 

laborers. 
6. It leads to the growth of associated industries like cement, steel, glass, timber, plastics, 

paints, electrical goods etc. 
7. It helps in increasing food production & protection from famine. 
8. Exporting agricultural goods can fetch foreign currency. 

Some ill effects of infrastructure development can also be listed as follows: 
1. Exploitation of natural resources can lead to environmental disasters. 
2. Migration of people from villages to towns & cities in search of job takes place. 
3. Slums are created in citie_s. £ '{0 TEI£ P, 
4. It becomes a huge financ'» B '\je u mept t tax payers. 

ENGINEERING MECHA 

MECHANICS 

motion. 

. &)f Fluids 

0 

Concepts of: Physical quantity, Scalar quantity, and Vector quantity 

!Particle: A particle is a body of infinitely small volume and the entire mass of the body is 
assumed to be concentrated at a point. 

2.Rigid body: It is one, which does not alter its shape, or size or the distance between any two 
points on the body does not change on the application of external forces. 
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3.Deformable body: It is one, which alters its shape, or size or the distance between any two 
points on the body changes on the application of external forces. 

·I 
• • 

I· F A B F 

Note: 1 kgf= 'g' N 

urey , 

the force is assumed t'o be actmg ~ta point or o '©- mfinity smafi area. 

7.Principle physi I in ~ e~jUff.\, : J t9'{6;s © bodies 

I fft,r @f!~6PJ~Uied / not 
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8.Principle of superposition of forces: Net effect of forces applied in any 

sequence on a body is given by the algebraic sum of effect of individual forces 

on the body. 

same magnitude and directio 

body. 

______ ...._ __ _ 
(a1+a2) 

__ ..._ __ _ 
(a2+a1) 

~ j:~lication of a force 

· ~ n maintaining the 

<CAMJaRITDCGJE 
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.Assumptions made in Engineering Mechanics 

i) All bodies are rigid. 

ii) Particle concept can be used wherever applicable. 

iii) Principle of physical independence of forces is valid. 

iv) Principle of superposition of forces is valid. 

1.1 Characteristics of a force 

The characteristics oft 
1) Magnitude is 10 N. 
2) Point of application is A.INSTITUTE OF TECHNOLOGY 
3) Line of action is AL B or AB. 

0 
4) Direction is ho · z tall IT!.((]) l2 

Ex.2: Consider a ladcler AB resting .~1 floor and leaning against a wa 
weighing 750 N stands on the ladder at a point Con the ladder. 
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V,l all 

750 N 

2) Coplanar parallel forces: It is a force system, in which all the forces are lying in the same 
plane and have parallel lines of action. 

y 
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----------------------------- X 
Ex.: The forces or loads and the support reactions in case of beams. 

3) Coplanar Concurrent forces: It is a force system, in which all the forces are lying in the 
same plane and lines of action meet a single point. 

y 

a.. y 

0 
CJ) 

·-0\ ·-0 
@) 

------------------r r r----------------X 
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z 
Ex: The forces acting and the reactions at the points of contact of bench with floor in a 
classroom. 

6) Non- coplanar concurrent forces It is a force system, in which all the forces are lying in the 
different planes and still have common point of action. 

y 

Following are considered as the fundamental laws in Mechanics. 
1) Newton's Ilaw 
2) Newton's II law 
3) Newton's III law 
4) Principle or Law of transmissibility of forces 
5) Parallelogram law of forces. 

1) Newton's I law: It states, "Every body continues in its state ofrest or of uniform motion in a 
straight line, unless it is compelled to do so by force acting on it." 
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This law helps in defining a force. 

2) Newton's II law: It states, "The rate of change of momentum is directly proportional to the 
applied force and takes place in the direction of the impressed force." 
This law helps in defining a unit force as one which produces a unit acceleration in a body of 
unit mass, thus deriving the relationship F = m . a 

3) Newton's III law: It states, "For every action there is an equal and opposite reaction." 
The significance of this law can be understood from the following figure. 
Consider a body weighing W resting on a plane. The body exerts a force W on the plane and in 
tum the plane exerts an equal and opposite reaction on the body. 

\Y 

Body 

Plane 

W • Weight of the body 
R R,• Reaction from plane 

Ex 

B 

\ 

Whenever a number of forces are actmg on a body, it is possible to find a single force, which can 
produce the same effect as that produced by the given forces acting together. Such a single force 
is called as resultant force or resultant. 

F1 F2 
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In the above figure R can be called as the resultant of the given forces F 1, F2 and F3 . 

The process of determining the resultant force of a given force system is known as Composition 
of forces. 

The resultant force of a given force system can be determining by Graphical and Analytical 
methods. In analytical methods two different principles namely: Parallelogram law of forces 
and Method of Resolution of forces are adopted. 

B 

From the figure OC = ✓oD2 + CD2 

= ✓(OA + AD)2 + CD2 

= ✓( F 1 + F2 cose)2 + (F2 sin 8 )2 

i.e R = ✓ F / + F2 2 + 2. F 1. F2.C0S8 ---------> I 

Let a be the inclination of the resultant with the direction of the Fl, then 

a~ tan-
1 

[ F, sin0 ] -------> 2 
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Equation I gives the magnitude of the resultant and Equation 2 gives the direction of the 
resultant. 

Different cases of parallelogram law: 
~ For different values of 0, we can have different cases such as follows: 
~ 
L 
C, 
w 
~ 
~ 
I-

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Case 1: When 0 = 90°: 

a= o0 

Case 3: When 0 = 0 : 

R ,, , 
'{= -,' 
, 

a= 0° 
INSTITUTE OF TECHNOLOGY 
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Example De:termi11e tlr · 1111\~nitude of ti, resultant of lh tumfo.rces of tnagnift1de 12 N and 9 N 
acti,ig ol a poinl iftlte mtgli! be.twc -11 J'lt two forces j!i 30'\ 

Solution: P = l2 N 

Q=9N 
,0~30 

R _ ulta_nl R = JP2 +Q2 + 2PQcos 9 

= J(12)2 + (9)2 + 2 X 12 X 9 ·COS 30 

R'="'20.29N 

Qsin8 
tano:= ~ - ~-

.P+QcosO 

9 -in30 
::, 

t2+9·cos 30 

tan a = 0.2273 

a= l.2.81. 
~L..,J~L::::::==~J~L ==::J;,.::U~~ 

Example Find tlut magnitude of two equal forces acting at· a poinJ witb an augte of 60"' bet:rueen 
th ~m, if the n:sultnn t is cq.ual lo 30./3 N. 

Soluti,on: P ~ Q ,,. F 

R =30.fi 
0 = 160° 

R = JF1
2 + F2

2 2F~li cos0 

30./3 = J2F1 + 2F2 oos 60 

"" J2(1 + ~OS 60) 

~- 30,P, 
~- Jj 

F =30N. 

6x:ample The :res-uJtari t of lnro forces when t/Jey net 11t r:ig11l atigles is 10 N. W11 ·~ mlrm t11ey act 

al 1U1 anglt: of 60° tire resultard is J145. Determine the .magnitude of t11efarces. 

when 

Solution: 
Case H) 

Case (ii) 

\Ve know 

R=l.ON 

R = .J148 

R""' Jpi +Q +2PQoo O 

i0 l"'90° 
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when 

Fro.m (i) 

R = Jp'l +Qi 

10:cJp2+Q~ 

102= pz + Ql 

100= pl +Q2 

9.,,6011 

Jus - JP2 + Q2 
-l- 2PQ cos &o 

"" JP2 
,-. Q2 -t 2PQ (0. 5) 

l4S = f>2+ ·Q'l+ PQ 

148 = 100+ PQ 
PQ ..: 48, 

.2PQ=96 

Adding (i), and (iii) 

100 + 96 =P2+ Q2+2PQ 

196 ~ (P + Q}2 

P+Q'= Jt96 
P+Q = l4 

P= 14-Q 

From (ii!) 

2Q (14 - Q).,,, '96 

28Q - 2Q'Z=96 

2Ql - 28Q + 96 =0 
Q2-14Q + 48=0 

ll l, .b • - 14, t" ""' 48 

+ 14 :!: J(- 14),2 ~ 4 x (1) (48) 
=-- """'-------

2(1) 

14±.Ji =---
2 

14±2 
-' - ---- -

2 

Department of civil engineering, Ci Tech 

18CIV14/24 

.... (0 

.,.(it) 

., (iii) 

•. ,(iv}, 

Page 9 



-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Elements of Civil Engineering and Engineering Mechanics 

From (iv} 

Th fore are 

P.a14-Q' 

P1 = 14 - 8 =-6 
P2 ,..l4-6.a8 

P: ,8 ' Q'a6N, 

Q _ 14 2 _ 16 _ S N' 1--- -- -- -
2 2 

<CAMJaRITDCGJE 
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Composition of forces by method of Resolution 

Introduction 

If two or more forces are acting in a single plane and passing through a single point , such a force 

system is known as a 

systems. 

In the Ifig, let fx.1, fx2, fx3, fx4 be the components of Fx1, Fx2, Fx3, Fx4 be the forces in the X­

direction. 

Let L Fx be the algebraic sum of component forces in an x-direction 

L Fx = fx.1+ fx2+ fx3+ fx4 

Similarly, 

Department of civil engineering, Ci Tech Page 11 
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By parallelogram law, 

R 

R= ✓{'f, Fx)2 +(I Fy)2 

The direction of resultant can be a 

(ie. I Fx) 

2. 

3. u-vntt\t~ t\e Be~ o thD l· n· s~ the formula 

a= tan-
1(f1 FS)TITUTE OF TECHNOLOGY 

Sign Conventio 

+ve 

-Ye 

3 .1.1 Problems 
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Determine the magnitude & direction of the resultant of the coplanar concurrent force system 

shown in figure below. 

75N 

Let R be the given resultant force system 

Let a be the angle made by the resultant with x- direction. 

The magnitude of the resultant is given as 

R= ·,./():, Fx)2 +():, Fy)2 and a= tan-1( ~:~ 

Department of civil engineering, Ci Tech 
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L Fx = 200cos 30°- 75cos70°-I00cos45° + 150cos 35° 

IFx= 199.7N 

L Fy = 200sin 30°+ 75sin70°-I00sin45° - 150sin 35° 

IFy= 13.72 N 

R= ✓(I Fx)2 +(I Fy)2 

R= 200.21N 

a= tan-le I p~ 
I F✓ t 

a= tan-1(13.121199_12) = 3.93° s,"-~ '{O El£ Pu~ 

~~ 

lO0kN 

@ Let R be the given resultant force system 

Let a be the angle made by the resultant with x- direction. 

The magnitude of the resultant is given as 

R= ✓(L Fx)2 +(I Fy)2 and a= tan-1( ~:~ 

Department of civil engineering, Ci Tech 
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L Fx = 700cos 40°- 500cos70°-800cos60° + 200cos 26.56° 

L Fx = 144.11 kN 

L Fy = 700sin 40°+ 500sin70°-800sin60° - 200sin 26.56° 

L Fy = 137.55kN 

R= ✓(I Fx)2 +(I Fy)2 

R= 199.21N 

500 

Let R be the given resultant force system 

Department of civil engineering, Ci Tech 
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Let a be the angle made by the resultant with x- direction. 

The magnitude of the resultant is given as 

R= ·,./(I, Fx)2 +(I, Fy)2 and a= tan-1( E~ r .. Px' 

~ L Fx = 800cos 35°- 100cos70°+ 500cos60° + 0 
~ 6 L Fx = 1095.48 N 

W I Fy = 800sin 35°+ 100sin70°+ 500sin60° - 600 

~ IFy= 110.90N 

I-
~ R= ✓(I Fx)2 +(I Fy)2 
C, 

V) R= 1101.08 N 

~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Let R be the given resultant force system 

Department of civil engineering, Ci Tech 
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Let a be the angle made by the resultant with x- direction. 

The magnitude of the resultant is given as 

R= ·,./er, Fx)2 +er, Fy)2 and a= tan-1( E~ r .. Px' 

~ L Fx = 20cos 60°- 52cos30°+ 60cos60° + 10 
~ 6 I Fx = 7.404 kN 

W I Fy = 20 sin 60°+ 52sin30°- 60sin60° + 0 

~ L Fy = -8.641 kN 

I-
~ R= ✓(I Fx)2 +(I Fy)2 
C, 

V) R= 11.379 N 

~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 
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02= 53.13 

Let R be the given resultant force system 

Let a be the angle made by the resultant with x- direction. 

The magnitude of the resultant is given as 

R= ·,./er, Fx)2 +er, Fy)2 and Cl= 1an-1c EF~ 
LP:ii 

L Fx = 200cos 26.57°- 400cos53.13°- 50cos60° + l00cos 50° 

Department of civil engineering, Ci Tech 
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L Fx = -21.844 kN 

L Fy = 200 sin 26.57°+ 400sin53.13°- 50sin60° -100 sin 50° 

L Fy = 289.552 kN 

~ R= ✓(I Fx)2 +(I Fy)2 

6 R=290.374N 
w 
~ 
~ 
I-

> 
C, 

V) 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

6. A hook is acted u on b 

Let R be the given\ esu tant 

IFx=? 

IFy=? lD) TT ID G JE 
Let a be the angle made · · r -tan_..~,H· -ii-.~-x-1-k~dton. 

The magnitude of the reJ~~1"!'1i\iTJ aP F TECHNOLOGY 

R= 

L Fx = 80 cos 25°+ 50cos50 °+ l0cos 45° 

IFx=lll.71kN 

L Fy = 80 sin 25°+ 50sin 50 °- l0cos 45° 

I Fy = 65.04 kN 

R= ✓(I Fx)2 +(I Fy)2 

R= 129.26 N 
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Cl= tan-1( L 1:1~ 
L ll:r< 

a= tan-1(65.04 /l l 1.71) = 30.20 

18CIV14/24 

7. Two forces are acting on a structure at a point ' O" , as shown in fig. Determine the resultant 

force on the structure. 

Let R be the given resultant force system 

AC= 6cos60° 

AC =3 m, BC= 6m 

InA1
e AOC 

Sin 60°= OC/ 6 

OC = 6sin60° 

OC = 5.196m 

InA1
e OBC, 

0 = tan-1(OC/BC) 

= tan-1(5.19 /6 = 

IFx=346.41 N ~ f.\. ~ L\ Tm lli)[ "TN\~- JE 
L Fy = 0 - 600 sin 40_8}~ iffi JLW\l. l.D) ~ 1.U) ~ 
I Fy = - 392.76 kN 

R= ✓(I Fx)2 +(I , f 
R= 523.7N 

Cl= tan-1( L fl~) 
:E !:ix-' 

INSTITUTE OF TECHNOLOGY 

Cl= tan-1(-392.76 /346.41) = 48.58 

Note: 
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From the above two figures, we can write 

IFx=Rcosa 

i.e The algebraic sum of all horizontal component forces is equal to the horizontal component of 

the resultant. 

IFy=Rsina 

i.e The algebraic sum of all vertical component forces is equal to the vertical component of the 

resultant. 

has a magnitude of 1 000N, makin 

Let F3 be the required third u.nknOl.~--~~;:=====:;::;;!::;l!:!t 
F3=? 83=? 

We know that 

Reos a= L Fx 

Rsina=IFy 

= 61.08 

From (1) 

F3 cos 03= -225.906N 

M JR-Rli fl G JE 
. -~ OF TECHNOLOGY 

F3 =-225.906 I cos 61.08 = -467.14 N 

Here, we have -ve values from both F3 cos 83 and F3 sin 83 ( X & Y components of force F3 ). 

Thus the current direction for force F3 is represented as follows. 
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9. Two forces of magnitude SOON and IOON are acting at a point as shown in fig below. 

Determine the magnitude & direction of a 3rd unknown force such that the resultant of all the 

three forces has a magnitude of IOOON, making an angle of 450 & lying in the second quadrant. 

F3=?, 03=? 

Let F3 be a required third unknown force making an angle 03 with the x-axis to satisfy the given 

condition. 

Let us assume F 3 to act as shown in fig. 

We known that 

03= tan-1(0.3 ~ :::,,==----' 

.----~ 
= 17.29 

From (2) 

F3 sin 03= 370.SON <CAMJaRITDCGJE 
nnv 
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COMPOSITION OF COPLANAR NONCONCURRENT FORCE 

SYSTEM 

~ If two or more forces are acting in a single plane, but not passing through the single point, such a 
~ L force system is known as coplanar non concurrent force system. 
C, 

W Moment of Force: 

~ 
~ 
I-

~ 
C, 

V) 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Mo=Fxd 
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Let" F" be a force in a plane and 0 1, 0 2, and 0 3 be different points in the same plane 
Let moment of the force" F" about point 0 1 is Mo, 
Mo1=Fxd1 
Let moment of the force" F" about point 0 2 is Mo, 
Mo2=F x d2 

Let moment of the force" F" about point 0 3 is Mo, 
Mo= 0xF 

~ c, Note; The points 01, 02, 03 about w. ic 
V) moment centre. 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Thus the magnitud~f::- 0h . 
Mo=(Fxdl)+( d2) -----

If a number of coplanar forces are acting simultaneously on a particle, the algebraic sum of the 
moments of all the forces about any point is equal to the moment of their resultant force about 
the same point. 
PROOF: 
For example, consider only two forces F1 and F2 represented in magnitude and direction by AB 
and AC as shown in figure below. 

Let O be the point, about which the moments are taken. Construct the parallelogram 
ABCD and complete the construction as shown in fig. 
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By the parallelogram law of forces, the diagonal AD represents, in magnitude and 
Direction, the resultant of two forces F 1 and F2, let R be the resultant force. 
By geometrical representation of moments 
the moment of force about 0=2 Area of triangle AOB 
the moment of force about 0=2 Area of triangle AOC 
the moment of force about 0=2 Area of triangle AOD 

Department of civil engineering, Ci Tech 
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a s = tan L ix . 
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5. Compute 1mon1ent a rm 

6 . Al O 0 1:npute x- intercept as XR- 17 ,Mol 
L fx, 

<CAMJaRITDCGJE 
INSTITUTE OF TECHNOLOGY 
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3.3.1.Problems 

Example 1: Compute the resultant for the system of forces hown in Fig 2 and hence compute 
the Equilibrtant. 

f x = 44.8 - 32 COS 60° 
.:...., , 

= 28.8KN 

L.,fy, = 8 - 14.4 - 32 in 60° 

= -34. 11 KN 

R = 44.6KN 

aR = 49.83° 

~ + 2._ M
0 
=- l4.4(3) + 32co 60° 4)- 32sin60°(3) 

=-62.34KNM 

62.34 
dR = -- = 1.396 m 

44.64 
6 __ 34 

XR = -- = J.827 Dl 
34. l l 

62.34 
YR =--= 2.164m 

28.8 

l•:927~ 

Ffu · 2~) E~i.. 

Department of civil engineering, Ci Tech 
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Example 2: Find the Equilibdant for the rigid bar shown in Fig 3 when ii is subjected to forces. 

A 1m c 11')'\ D 2m 

A I 0 
,..v I ~ 

2•.4a, M 

R%iilla11~ 

• &e 11.ltant and Equilibriant 

I: fx , = 0 

L f ,I = - -16KN 

a.R =90°, 

Department of civil engineering, Ci Tech 

B 

~ + L MA =-430(1) + 172(2) - 344(4) 

=-146 KNM 
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Example 3: A bar AB of length 3.6 m and of negligible weight is acted upon by a vertical force 
FJ = 336k:N and a horizontal force F2 = J68kN shown in Fig 4. Tbe end of the bar ar in 
comact with a mooth vertical wall and smooth incline. Find the equilibrium po ition of the bar 
by computing tl1e angle 0. 

tana = 0.9/ 
/ J.2 

a = 36.87° 

' f ' - 0 ~ x, 

HrF1 - Rncos53.1"" =O ..... ..... .. l) 

~ f - 0 L... }•1 

R8 sln 53. J3" - F. = 0 

R8 = 420KN: 

• Eg. I give HA=420 KN 

+LMJJ = O· 

- H A 3.6sin0 + 336(2.Lcos B -168 (1.2 in0) = O 

-1310.4 in0+705.6 co 0 = 0 

tan 0 = 0.538 

8 = 28.3" 

l ON 

14.14N 

SN 

B 

20 N 

3m 
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IFx = 5cos30° + 10cos60° + 14.14cos45° 
= 19.33N 

IFy=5sin30°- IOsin60°+ 14.14sin45° 
= -16.16N 

R = ✓(IFx2 + IFy2
) = 25.2N 

t 0= Tan- 1(IFy/ IFx) J3 0= Tan-1(16.16/19.33) = 39.89° 

~ 
~ 
I-

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

D C 

B 

16. 16N 

'.!{'ff~~ 
UL{!)\ 
I •••·•••~~-..,.LFx 

·•.... I} ., 
'• 

)'F 
- y 

.. 
'• .. .. 

'• R ·~ 

A~otan39.89=y/6.83 CAM Ja R[ TI) (G JE 
y- 5.586m. 

INSTITUTE OF TECHNOLOGY 
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0 

0 = Tan-1(IFy/ ~llk7==-----' 

0 = Tan-1(2633/4 ) .----

0 = 80.30° (Direct10!=!- -1===:::::i 

,.__ 
700N 

18CIV14/24 

·-0\ 4.F or the system of parallel forces shown below, determine the magnitude of the resultant ·-0 and also its position from A . 

@) 
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~ 

100 00 -oN 400 

t .___l ______.! _ _______.__! _ ____.f _ . _ . _. _ . _. _ tH 
A-<- -)B< >c __ D 

Im 1.5m 

X 

IFy = + 100 -200 -50 +400 
=+250N 
ie. R = IFy =250N ( t 
Since IFx= 0 

100 F 600N 300 

t t ~ t 
' A B i C D 

.e-<--, ..... -.. ------) ~~<-------) 
<t. m ·-~5m 

• 
X 

Let x be the distance 
Here R= L Fy 
600=100+F+300 
F =200N 

• 

~IT I[) CG JE 
:CHNOLOGY 

0 

Taking moments of forces about A and applying varignon's principle of moments, 
We get 
600 x 4.5 = 300 x 7 + F x 
200 X = 600 X 4.5 -300 X 7. 
X = 600/200 = 3m from A 
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6. A beam is subjected to forces as shown in the figure given below. Find the magnitude, 
direction and the position of the resultant force. 

17:kN fil OkN OkN lOk.N SkN 

e~ 
I t J, 6; • -4k 

A < >B, ) C 
(2m ) D E .-.. 

2m m ]m 

O Let x = distance fro 
CJ) 

I 

·-0\ ·-0 
@) 
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Exatnple Tln\'-:e forces of n:in311itude 30 kN, 10 k nnd 15 kN tU'i! acting a, fl pofrzt O. Tire angles 
nmde by 30 kN far-ce; 10 kN force and 15 .kN faro . witlr x-q::ds are 6(l ', 120° and 146° respec.tively; 

Determine the 1t1JJgnitrJde aml direction of t11e m11ltant Jore.:. 

,V V 
10kN 

15 kN 
y 

y 

F.8.D 

Solution:· !H = - 30 cos 60 + 10 ,COS 60 + 15 COS: 60 
""-2. - kN 

.:EV= - 0 stn 60 ·- 10 sin .fiO + 15 sin 60 

= ... 21.6SkN 

R ~ J('£.,H)2 + ·(I.V)z - J(-2.5)2 + 1(21 .65}2 

= 21..79 kN 

I- . - :EV - 21.65 - 03· 0A1' ~ana- -- - ·--- ~ u. •.1. . 
IH - 2.5 

Exilmple A tUl!ight o/800 NI$ 11 pt1Jfied by two chaim; a· olwum injig1ut!. D t •nnine J'/r I nsicm 
in ,u11:l:1 ch11 in. 

F.8.D. 

Solution: !,H :,, 0 

- T2 ro.-. 20 + T.1 o 70 = , 
Tl cos 70 :, T2 cos 2U 

T = T1 cos 70 
ro 20 

Department of civil engineering, Ci Tech 
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From, (i) 

rv = O 
T1 sin 20+ T1 in 70;..; 00 

sin 20 T1 (0.364), + T1 sjn. 70 i::: 800 

1.3 Tl= 800 

T1 =75ll.75N 

T1 ~ 751.75 (0.364) 

T1 =27364 N. 

18CIV14/24 

Example .A,,, dtcil'k Ugltl/ixtitt-e weighi11 . W N 1umg jTOm 11 po.int , by two 5.f-rings AC arid 
BC AC is inclined at 60° to l11e lwrfarmtal .and .BC at 30'1> to the verHcn! ns sliown in Fi . Determine O,r 
forces in ti,£ strin, · A.C mrd .BC. 

Soh1lion: 

B 

A 

F.B.D. 

!N=O 

- f:2. s in 30 T1 cos 60 ,: O 

T2 sin 30 == T1 os 0 

cos 60 
T=T --

:t 1 Slll 0 

_ 0.5 T,_= T1 - --
0.5 

::! = T, 
l:V=O 

'f 2 eos 30 Tl sin •~ = 20 

r1 co~ 30 + Tl ~in 60 = 20 
1.7 T1 =20 

20 ' 
Tl .; - - : 1t.S47N 

1.73 

T1=T2 =U547 

Department of civil engineering, Ci Tech 
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Exaimple Two Jom-s of magnitudtr 1 S N nnd 12 .N .arn ac.tlng ,at n poiut. If Hie ang.l bw . .1:u.reen flre 
two forces is 60°1• d,etcrmir,e· lhe resultant of llw farces hi ,nngrdlude tmd direction. 

Solution: .P "" 1 N 
Q=12N 
,9 = 60° 

RcsuHan't => 

---------------------------~ ----
- ~ ~JJ 

R = Josf2 + (12)2 2x 15x l2x co:s60 

;2J..43N 

,Q i.nO 
Lanac::: ----
. P Qcose 

12.sin 60 
"" '15 + 12cos 60 
=0.A-95 

a = 26.:n. 

Example- Foitr force of rnagn.i.t ud P. 2 P, J 3 P drtd 4P tUt! a1.'tiug at n point O. Tlit tmgl , m,ide· 
by .tlrl!Sejorces witl1 x-ar-is art!' 0°, 60'°, 1'50° and JOOg resp.: •ifoe-ly; Find the rna,gr1.it11.dt nn.d dirtu:ti<m of the 
result,ml fan:t. 
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Solution: I,H = - P 2P co 60 + 3 J3 P co 30 - 4P cos, 60 

~u P - SP ~ · ,1 = ~ ;;: 10 .. ·' ' 
2 

I;V =-2P sin 60-3J3 P in 30 + 4P •in 600, 

=- 0.87 P 

R = PJ(o.5)2 (- ,o.87)2 

R ""'PN 

- ~{'\ TI.J'h 

I.an~ "' IV = - 0.87 = 1_74 
T.H 0.5, 

18CIV14/24 

EX.amp.le .Four forces ofmtrg11itruie 20 N, 30 N, 40 .N and 50 .N are a.cti11g respi.>t'tively almrg fat, r 
sidt>s of a s-qunro tnketi i,1 ordl'r. Determine the ma 11il:1ut.e, direction and position tJ/ lhe rt ul tan t force. 

SotuUon: 

30N 

40 N----.---- --........i G 
D 

30N 

r.H "" 20 - 40 = - 20 

IV= 30 - 50 = -20 

(Cl'OCkwls&J 

R = J(- 20) 2 
: (- 20)2 

R =28.28 N 

Department of civil engineering, Ci Tech Page 36 



-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Elements of Civil Engineering and Engineering Mechanics 18CIV14/24 

Direc lion of the resuJt·ain l 

EV - .20 
tan =r.H= - 20 

tan~i=1 

ii, :4S0 

Since I.Hand I Vare - e ¢ has between 180° an.d: 270 i.e ., ,Q, = 180 + 45 .. 225. 

-+ 

Posili,m ,of.the n·sultari t force: 

The: pos iUon of the:· resu ltan l force ' obtained by -equ.at.ing the dockwise momen Is and 
anticloc:kw ise· momen't about A. 

-C:: /111 11111 f ~ \ 111111 llr\ ';)__,, 
Lt x=p rp ndicu lil!'d~ tan heh en.A and]ine of .a -t.i n Ith • J:'i ultantf,-,ro 

,a = slde o.f U1e squ. re ABCD 

ki.ngm ment ab utA 

50 0 20 0 0 x a - 0 x a = R x Perpend.kular distanc--e o.f R from A 

~ ' 
\ ____ _ 

- 301, - 40 r1 = 28.28 I ~ 
- 70 a ""' 28 .. 28 x / 

700 . 
"~---

2 .28 

/ ~Jl . jJ))2j;;~l11id ~wt0r 1E ------------------------
INSTITUTE OF TECHNOLOGY 
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Exampl - A lritmgle ABC h11.'i ils id,~ AB= 40 rll'm idong po ilit . x-axis and -~ide BC = 30 mm 
t1lo11fl posi.tiv.e r/1:tft,. Tllrr!c forcY!.s of 4JJ kN, 50 kN tmd 30 kN ad- 11·loug lht! .s:ide:;"A B, BC '1nd CA r&.:pectir •h . 
Deletmin • 01e rr·11lttml of S!lc1t" ystem of/ore •s, · 

olu lion: 

. I m figui'e 

, 50,l!!'N 

1T 
30mm 

---40mm-----•I 
30kN 

0 
tan0 - - - 0.75 

lO 
0 = (an- l 0,7 ' 

a= 36°.87' 

IH-= 4.0-30 cos 8 
= 4U- ,0 .R7' 

!H :e::l 
I:V.a:: 50-30:,;in O· 

= 50- sin 36".S.7' x 30 

IV- 2k_N 

R -= Jrr. H) 2 ·. (I v)i "'",k1 )2 (32)2 

'R =- 35:_78 kN. 

Exampl,e T/1 /rn,;r c • plm wfiNc nw 11clin -al 11 poll, t as shrmm i11 Ji 71ln'~ Deten,riue tlte m-ultmit 
mid di ~ti n of Ille- res1 mm1 t 

Solution: Ill"" 1000 2000 cos 60 -5196 cos 30 4.000 cos 60 

= - 49 ·.Si'N 

IV~ 2000 sin 60 + 5196 in 30- 4000 sin 60 

= 865.95N 
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V 

I F = 2000N 

F:,"' 5196N 

x· 

V' 
f 4 ,,, 401JON. 

R = J(-499.87) 2 (865.95)1 

R.= !ODON 

tan , = ~- = 65.95 = 1.'7.., 
!.H -49 .87 -

q,=60". 

C, + -
a.. 

18CIV14/24 

o Example Tltefourooplmrorfi1rcesactfogntapaintlll shOi 11 tnflgureomofl'h forces.ism1b1ow11 
CJ) and its mng11itud1? .is shornu bi . P. The n.•sultau t 1s lumf11..,. a 111a.gnU11d,e of soon and' is acti11g alon,g x-axis. 

Dete-rmme tlJt! imblown fem P n111l it im:lim1.ti 011 with x-axis. 

y 
200 !N 

--............. -,1".....1.--_., Resullant =- 500 N 
X 

60() N! 200N 

(J 

·-0\ ·-0 
@) 
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Solution:: '.EH ::: 200 COS, 45 P OS 9 - 500 COS 2U + 500 "" 0 

Pco 8::::::::171 7 

I. V""' 200 in 45 + P sin 0 - 500 ,in 20 - 200 = Cl 

P sin O.., 500:sin.20 + 200-200 sin4S 

P sin 9 = 229.6 

Squa.dng and add in (i) and (ii) 
.r2(s·in2 0 + cos2 8) = (171.57}2 + (229.6) 

pl= 82152.4 

P = 286.61 N 

P sine= 22.9.6 = 1.338 
.P cos O 171 . .57 

tan 9 = 1.338 0 "'53°.23'~ 

18CIV14/24 

... (f) 

... (ri) 

•.:,;,.~~:ffffi~- ;...,--~ _-) ___________________________________ _ 

<CAMJaRITDCGJE 
INSTITUTE OF TECHNOLOGY 

Department of civil engineering, Ci Tech Page 40 



-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Elements of Civil Engineering and Engineering Mechanics 

MODULE-2 

EQUILIBRIUM OF FORCES 

18CIV14/24 

Ec1uilib riu m: EquJlibrium is th status of Lbe body when it is subjected to a system of forces. We 
know that for a ys tem of forces acting on a body the resultant can be determined. By ewton' 
2nd Law of Motion the body then should move ill the direction of the Jesultant with some 
acceleration. [f the resultant force is equal to zero ii implie that the net effect of the ystern of 
forces is zero this represents the state of equilibrium. For a sy tern of coplanar concurrent fore.es 
for the resuJ tant to be zero, hence 

E .1uilib hu a: . uilbri Ill is _ ingle f re which w . 
. talu. o equilibrium . Hence thi force j • • the m 
- n · . Thi is d picled ." 111 Fig 4. 

lh -
ullant 

Fre Body Diagra m: Free body diagram i nothing but a ketch which shows the variou forces 
acting on the body. The force acting rn1 the body could be in form of weight, reactive forces 
contact forces etc. An example for Free Body Diagram is shown below. 
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.Lami's Th~rem 

If th r e f re acting on • . arti l k e1 it in .equllibrimu, ea h fo · e · prop rtion. t 
th · h.te of the angJe bet\ ·een the o ther bvo. 

P~ Q and R tlue for ·.es a ~ttn° a:t" point keepin it in equilibrimn, Fi.,,,_ 
M the a1, o-le a )posite t enc h of tht' m re F e tivel , 

\ 
\ 

p 

R 

p R --------sino.. inf3, i , y 

C 

i 
X 

y 

A 

l 
7 

If o:. an:l y 

This law is a direct consequence of the triangle law. Since the for ces are in 
equilibrium, they can be represented by the sides of the triangle ABC taken in order. A 
general property of any triangle is tha t ea.ch side is proportional to the sine of the 
angle opposite to it. Thus in the triangle ABC drawn w ith the sides p arallel to the 
forces P, Q, and R, 

AB BC CA 
sin x sin y sin z 

Here x, yand z a.re the angles of the triangle ABC But by the triangle law of forces, the 

sides of the triangle are proportional to the respective force. From the Fig. 1.2 

sin x = sin (180 - a) = sin a 

sin y = sin (180 - B) = sin B 
sinz = sin (180 - y) = sin y 
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Hence 
p Q Q = con tant 

sin a sin t3 s in y 

TI1Us, if 3 forces acting on a particle are in equilibrium, each force is proportional to the 
sine of the angle between the other two. 

Example l : A spherical ball of weight 75 is attached to a tring and is uspended from the 
ceiling. Compute tension in the tring if a horizontal forc:e F is applied to the ball. Compute t.be 
angle of the string with the vertical and also tension in the tring if F =150 

T 

~ y f;J£1 

W, 15N 

F'Bl> 

"i.J,, = 0 

f - T co 0 =0 

l50 - T cos 0 = 0 

Tcos 0 = 150 

Example 2: A string or cable is bung from a horizontal ceiling from two points A and D. The 
string AD, at two points B and C weights are bung. Al B, which is 0.6 m from a weight of 75 N 
is hung-. C which is 0.35 m from D, a weight of we is hung. Compute wc such that the string 
portion BC is horizontal. 

A e, C 1' 

FBD of B 

~ f,. i = 0 

fxAMPL E2 

T8c - T AB cos 8, = 0 

T,1.11 sjn 81 - 75 = 0 

TAn =75.j2N,T8c = 75N 

Department of civil engineering, Ci Tech 

w 
~RIT: 
OF TECH. 

FBD tt" 

L) , =o 

FBD F 8 

- T8 7'cn co 82 = 0 

1'o,, = Ir . -
f = O 

) . 
Trn ~in 81 - \\I'. = 0 

H~. = I _ . -7 

Fi,D of C 

0 
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Example 3: A block of weight 120N is kept oa a mooth -inclined plane. The plane makes an 
angle of 320 with horizontal and a force F allied parallel to incli ned plane. Compute P and a] o 
normal reaction. 

• LAMl' S Theorem 

120 F 
Sin90° Sin(LS0 - 32)° 

F = 63.59N 

N .r= 10L.76N 

NR 
Sin 90+32)° 

NR •I -er' 
12bN 

f.xAMPL- ~ 

E ampl 4: Three smooth circular cylinders are placed in an arranc.tement as shown. Two 
cylinders are of radiu 052nun and weight 445 , are kept on a horizontal surface .. T he center of 
these cylinders are tied by a strinc.t which is 406 mm long. On these two cylind rs , third cylinder 
of weight 890 and of same diameter js kept Find the force S in the string and aJ o forces at 
point of contact. 

• LAM!' S Theorem 

-~:ci 
li''fi;>N 

BP Gl"'A 

FBD o A 

F AC = 598 

F BA = 598 N 

FBD of B 

"""f = 0 L.. I j 

L fY, = 0 

Fnc = 99. -N 

Rv- = · 0 

1.A 200 N sphere is resting in at rough as shown in fig. determine the reactions developed 
at contact surfaces. Assume all contact surfaces are smooth. 

Soln. At contact point 1, the surface contact is making 60° to horizontal. Hence the reaction 

R1 which is normal to it makes 60° with vertical. Similarly the reaction R2 at contact point 2 

makes 45° to the vertical. FBD as shown in figure. 
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Applying lami' s theorem to the system of forces, we get 

Ri/ sin (180 - 45) = R2/ sin (180 --60)= 400/ sin ( 60+45) 

A wire is fixed at A and D as shown in figure. Weights 20 kN and 25kN are supported 
·s reached it is found that inclination o fAB 

IFx=0 

Considering the eq\ ilibrium of P.Gin 
IFx=0 \ 

T 3 sin 60 - T 2 sin 0= 0 

T, sin 0~ Ts sin!; AM ~J~:TIJD (G JE 
INSTITUTE OF TEclNoLOGY 

u, L Fy = 0 
~ 
~ 
0 T3 cos 60+ z ·-0\ ·-0 

@) 

T2 cos 0 = - T3 cos 60 +25 --------------(iv) 

From equations (i) and (ii), we get 

T1 sin 30 = T3 sin 60 

T1= 3T3 

From equations (ii) and (iv), we get 
T1 cos 30-20 = -T3 cos 60 +25 
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T3= 22.SkN 

T1= 38.97kN 

From equation (i) and( ii) 

Tan t9 =1.416 

fl= 54.78° 

T2= 23.84kN 

II) 
II) -RB x 3 + 700x2 
~ -fi; RB=29 
0. 
C, 

Q.. IFx=O 

0 
CJ) 

·-0\ ·-0 
@) 

<CAMJaRITDCGJE 
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FRICTION 

Whenever a body moves or tends to move over another surface or body, a force which 
opposes the motion of the body is developed tangentially at the surface of contact, such on 
opposing force developed is called friction or frictional resistance. 

The frictional resistance is devel<;p~de-ue tt,t.he interlocking of the surface irregularities 
at the contact surface b/w two bodie~(,.~ I:;' Py_/), 

Consider a body weighin ;-.. ~ in o a ~ l'. ubjected to a force 'P' 

to displace the body. 

Where CAM Ja R[ TI) (G JE 
P = Applied force 
N = Normal reaction from f.€) g , ti rfae1JE OF TECHNOLOGY 
F = Frictional resist!llCe 
W = Weight of th~ 

The body can start moving or ide over the plane if the force 'P' overcomes the frictional 
'F' 

The frictional resistance developed is proportional to the magnitude of the applied force 
which is responsible for causing motion upto a certain limit. 

Limiting 
friction value 

Department of civil enginF i Page 47 

p 



Elements of Civil Engineering and Engineering Mechanics 18CIV14/24 

From the above graph we see that as P increases, F also increases. However F cannot increase 
beyond a certain limit. Beyond this limit (Limiting friction value) the frictional resistance 

~ becomes constant for any value of applied force. If the magnitude of the applied force is less than t the limiting friction value, the body remains at rest or in equilibrium. If the magnitude of the 
C, applied force is greater than the limiting friction value the body starts moving over the surface. 
w 
~ 
~ 
I-

~ 
C, 

V) 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-

The dynamic friction e 
rolling friction. 

0 Where 
@ µ - Represents co-efficient of friction 

F - Represents frictional resistance 
N - Represents normal reaction. 

F 

Note: Depending upon the nature of the surface of contact i.e. dry surface & wet surface, the 
frictional resistance developed at such surface can be called dry friction & wet friction (fluid 
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friction) respectively. In our discussion on friction all the surface we consider will be dry sough 
surfaces. 

LAWS OF DRY FRICTION: (COLUMB'S LAWS) 

The frictional resistance developed between bodies having dry surfaces of contact obey certain 
laws called laws of dry friction. They are as follows. 

1) 
2) 
3) 
4) 

5) 

p 

As P increases, F also increases and correspondingly '0' increases. However, F cannot increase 
beyond the limiting friction value and as such '0' can attain a maximum value only. 

Let 0max= a 

Where a represents angle of limiting friction 

F 
tan 0max = tana = N 
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F 
But - = µ 

N 

Therefore µ = tana 

i.e. co-efficient of friction is equal to the tangent of the angle of limiting friction 

ANGLE OF REPOSE: 

Body of weight W' 

When = angle ofre 

LetusdrawiliefreebotCX~ltliID <Gr IE 
INSTITUT : OF TECHNOLOGY 

@ Applying conditions of equilibrium. 

LFx=O 

N cos(90- 8)- F cos8 = 0 

N sin8 = F cos8 

Department of civil engineering, Ci Tech 

18CIV14/24 

Page 50 



-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Elements of Civil Engineering and Engineering Mechanics 

required to just mov , 
the resultant of 'E' -=-

F 
tan0 = -

N 

tan0max = tan <D 

F 
but N= µ 

µ =tana 

Department of civil engineering, Ci Tech 
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EL Block A weighing, CIOOO N rests over block B whick w,ei.ghs 2000 N as shown 
in Pig. Block A is tied to wal I with a borlrontal string. If the coeffic:ient o( 
friction between A and B is 1/4 and between .B and the floor 'is 113. what should be 
the value of P to move the block B if (a), Pis horizontal? (b) P ~ -30° upwards to 

~ t . '. A I 

horizonllll? -i-
t ~ 
C, 
w 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

F.lg.SS(a) 

(a) 'Whtn P is honzontal: 

The free body diagrams of the two blocks are s:hown in Fig. Note the 
frictionalf forces Fl and F2 are to be marked in, the opposite: direction of impending 
relative motion. ,con idcring block A, 

IV=O 

N, = 1000 N 

F~ l 
since F1 is limiting friction, - = -

N1 4 

= 250N 

Considering; block B, 

:. F1·= 2SON 
' " 

I .V=O 

N2 - 2000 - .N1 = O 

N2. = 3000, N since N1 = 1000 N 

Department of civil engineering, Ci Tech 
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1 . -=-X3000= l()()(). N· 3 . -- - -

I.H-o 

P-Fi-F2 =0 

P·==F1 +F3 =250+ 1000 

~ 1250N 

lb) When P is tnclined 

Free body dlagram for this case is shown in Flg. 

As in ·the previous case, here also Nt = 1000 N ,and F1 ::..: 2SO N. Consider the 
equmbri'Um of block .B. 

l:f=O 

N2 - 2000- N1, + P sin. 30° = 0 

N2 +0.S,P =3000N 
From law or friction, 

since N~ ::. HJOO N 

I . . . = 3 (3000- O_.S P) 

o.s 
= HXI0-•3 P 
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. ,, . 

IH :::: o 
Pcos. 3QP -F1 - F1 ::. 0 

P cos 300 - 250 - ( HJOO - o~s P) = o 

P=Ul0.43N Ans . 

Ex. 'What should be the value ,of 9 in Fi,g. which will make the motion. 
of 900 N block down the plane to impend 7 'The ,coefficient or friction for an contact 

• U..i: ....... is.;. 
u- -- 3 

.. , 

liii 

900 N block is on the verge of moving downw.ard. Hence frictional forces F, and 
F, a.ct up the plane on 900 N block. Pme body diagram oftbc blocks is 
as shown in Pig .. 

For 300 N block~ 

I forocs nonnal to plane = 0 

N1 - 300 cos 9 ;; 0 

or N = 300 cos 8 
I -

From. law of friction F-1 = 3 N1 =)00 oos 8 

For 900 N block: 

I. forces nonnal to the plane = 0 
I 

N2 - N1 - 900 cos ,Q = 0 

or N~ = N1 + 900 oos; 9 

Substituting the value, of N1 from (1) we get 

N1 : l200co.9'9 

Fmm law of frj,ction 

Department of civil engineering, Ci Tech 
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I . forces pmaJ lel .to the plane = 0 

F1 + F2 - 900 sin. 8 = 0 

1 .• e. H)O, oos 8 + 4':XJ· 005 8 = 900 sm e 

18CIV14/24 

Ex. A W,eight 500 N just stans, moving down a rough. incHncd plane supponed 
by a force of 200 N acting paraJJel fo the plane and it is at ·the point of moving up the 0

1 

pl.ane when. pulled by a force· of 300 N pmallel to me plane: Find the inclination of , 
the plane and the coefficient of friction between ·the inclined plane and the weight. 

Free body diagram of the b·lock when it just. st.arts moving down _ is shown in 
Fi,g. and. when JllSt starts moving up is shown in. the Fig. Now. frictional. 
forces oppose the direction of the movement of the block and since it is limiting case 
F 
N. -J.L 

When the block just tarts moving down 

I forces perpendicular to, the ·pJ:ane = 0 

N' = 500 ,cos 9 

From law o.f friction , F 1 = 1,1N , 

i.e. F _ = 5001 µ. cos 9 

I foroes paral le:I to the plane ~ 0 

500 sin 9- F1 - 200 = O 

SCIO sin 9- 500 µ case= ·200 

Department of civil engineering, Ci Tech 
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When die block just starts moving up the plane 
l: forces perpendicular to the plane = 0 

N~.soooos8 

.From lhc law of friction. F2 = 500 µ ros e­
t forces para.I Eel to the plane = 0 

500 s!ff9+F1 -300=0 . 
i.e 500 sin8~SOO µcos 9,_ 300 

Adding (3) and (6) we get · 

lOOOsin e = 500 

, . - l 
sm e,:::: -

2 

Substituting itm Sq& (6) we get: 

500 µ.cps 30° ~ 300-.500 sin 30° 

. .. µ.·=0.11S47 
___.;;;lS ______ ~- /Jy-7 cJ j 

18CIV14/24 

•.• (4) 

. .. (S) 

. . . (6) 

Ans. 

Ans . 

h -------------------------- -----------------
EL Wbatis the value of Pin the system shown in Fig. , co amse the motion. 
-:-d9 •--... ·--"'L--..n . • _ ..... 1. - •wa---n: ·- .-fL:......:.- bctwcentheolber 11U u"-'!y,i,,uv-4 ~ug,ug;, ~Cf JI ~UVVIJ.I.~ ~U1Cl~11 Q_ ,l.Ul,.U.Un _ _ . . , 

contact. s.mfaces is 0.20. 

p 

(Cl) {II) 

Department of civil engineering, Ci Tech Page 56 



-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-

Elements of Civil Engineering and Engineering Mechanics 

Free body diagrams of the blocka are as ahown in Fig 
block: 

.l: forces normal 10 lhe plane • O 

N1 -7'50 cos •60° • 0 

N1 ;375 N 
Since the mod.on is impending,. ftnm Jaw of ftictio~ 

Fi .. 31!! J!lNs = 0.2 X 375 

:75.N 

.I- .forces parallel to the plane = 0 

T - F1 - 750 sin. 60°=0 

T • 7S+750 sin 60° 

= 724.Sl N 
·Considering 500 N body: 

I.V = 0 

N2 - SOO+P sin 30°=0 

N1 + 0.5 P • SOO 
From Jaw ,of friction. 

F2. = 0.2 N1 

s 02 (SOO- O.S P') 

= 100-0.l P 

"F.11 =0 

P cos30il - T - F.,.~ O 

P cos30'° - 724.52 -I00+0.1 P • O 

P: 85152 N 

18CIV14/24 

Considering 750 N 

Ans. 

0\ -----------------------------------------------------------------------------------------------------------------·-Q 
@) 
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EL Two blocks conncotcd by a horizontal link AB ,UC supponcd on two rough 
planesushownln Fig; The~ofliictiDnfor·lhc'blockon the horizontal 
plane is 0.4. The limiting angle of friction 'for block .. B on the incllncdplanc is 20° .. 
What is the smallest weipt. W of the block A. for which equilibrium ,of the system. 
can exist if'wcight of block B is S .t.N7 

P= body diagrams for block A .and B arc as :shown ln Fig. 
,eo.naider blockB. 
from law of friction,, 

c~J. 

'z ~"1 

. .. 

.P1 • Ni Wl 20° :[Since. ,u tan. 200') 

EV=O 

N1 sin. 30° +FI sin 60° ·- s = : 0 

O.SN·1 + N1 tan 20° sin 60° :s 5 

N1 = . 61.133 kN 

F, = 6 . .133 tan 20° = 2..232 kN 

l:H=-0 

C + F'1 cos 6()0· - Na cos 30,0 = 0 

C • 6.133 cos 3()CI - 2~232 cos 6QP 

= 4.196kN 

Now consider the equilibrium of block A. 

EH • O 

F,. ;; C ; 4.196 kN 
P,., - C-4.196 kN 

From law of friction F-, = µ N1 

Department of civil engineering, Ci Tech 
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i.c N = 4•196 = 10,49, kN , :Z 0.4 . c •• . 

:tV=O 

W • Nl-.10.49 kN Am. 

EL Two identical plan~s AC and BC in~Hned at 60° and 30° to Ute horizontal 
meet .at C. A 'load of 1000 N rests on the i ncUne-d plane BC .and i lied by a ro _ 
passing over a pulley to a block weighing, WNewtons and restin,g on the plane AC 
as, shown in Fig. If the coefficient of friction. between the load and the plane 
BC is 0.28 and tbaa be1ween. the block and the phme.A.C is 0 .. 20~ find the least and the 
greatest value of W for the equilibrium or the system. 

~-t~ 
~-~~ 

For the ]east value of Wforequllibrium. the. motion or 1000 N block is, impending, 
downward. For sue~ a case the free body di~ of bl.ocb ·are shown :in Fig. 
'Considering the UJOO N block: 

I force nonnal to plane. = 0 
N1 = 1000 cos 30° = 866.03 .N 

Frorn the l,aw of friction F1 = 0.28 N1 

~242,49N 

:I for-ces paralle'I t.o the :plane = 0 

T=-F1 + 1000 s.in 30Q 

=257.Sl N 

Now oonsider the cquUibr.ium of block of wci.ghl W: 
I Forces. nonnal to the. plane - O · 

,, , .. 
N2 :Wcos60°:::;:0.S W 

F2 =0~2Nz=O.! W 

Department of civil engineering, Ci Tech 
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E forces parallel to the p,lane - · 0 

F1 + W sin ·60° = T 

o., W+ Wsin 60° = 257.51 

. ·. W--266.57N 
l 

.Ans . 

For lhe1 ,peatest value o.f W, tlle 1000 N block is on &he verge ,of moving. up, the plane. 
For &uch a case, the free. body diagrams of the blocks are as shown in Fig. 

Considering bl'oclc of 1000 N, 

N1 .~ &66.03 N 
1 F/ = 242.49 N 

T = 1000 sin 30° + F1 = 742.49 N 

Considering block of weigh1 W~ 

Ni = Wcos60°'=0.S W 

Fi = 0.2N1 =0.l W 

and. Wsm 60° -F.1. = T 

W(sin 60° - 0.1} = 742.49' 

W=969.28N 
~ .... 4,-,a.-V --- --- - - -

0 

Ex. A weight of 1.60 kN is, to be mi~ by means of the widgcs A and B' as 
shown in .fig. Find the value of force P for impending motion of bloc C 
upwards, if coefficient ,of friction is 0.:2S for al I sudaces. Weights of the block. C and 
thP: wedires mav be neg_lecled. 
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Let Cl be angle of Jimitjng fncrion .. Then. 

e, = um-1(.0.25) = 14.036° 

_ The free body diagmns, of A. B and Care .~. shown in Fig·.. The problem 
being sym__melrict the forces R~ and R2, on wedges A and.Bate the same The li,ystem 
of forces .on block C and on wedJ:e A arc:: hown in the form convenient for app.lyi~g 
Lami's, theorem · 
Consider the equilibrium of block C'. 

R.1 160 
·-

sin (180--. 16-8) sin 4 (9+ 16) 

R, 
i.e,. -

sin 14'9.96 
160 

sin 60.072°' 

R1 =92.41 kN 

Consider the equmbrium of wedge A: 

p 

s.in ()80-8-8- 16) -
s.in(90+8) 

P = 66.256, lN Aru . 

. BL A ladder of J.ength 4 m weighing 200 N i placed ag~nst a vertical wall as 
shown in Pig. The coefficient ,of friction between the wall .and ,the ladder is 
0.2 and that bctwcc:-n lhe Door and the ladder is 0.3,. The ladder in addition. to, its own 
weight has to suppon a man weighing 600 N at a distance of 3 m from A. 1Calculatc 
the minimum horizontal force to be ,applied. at A to p.revent slipping. 

.... -
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The free body diagram of the "ladder is as shown in Fig. 

I.M,1=0 

N, 4 sin 60° + F1 4 cos 60°' -600 X 3 ,cos 60° - 200 X 2 cos 60° = 0 

Dividing ·throughout by 4 and reammging, 

N1 0.866 + O.S: F 6 ·= 215 

From the Ja.w 1of fried.on. Fa = 0.2 N,. 

. 
,jj • 

Ni (0.866 :+ O.S X 0.2) = 21S 

Nj = 284.,68 N 

F• = 56.934N 

l:V' = 0 

NA - 200 - 600 + 56~934 ·= 0 
NA = 743.066 N 

: .. Fit. = 0.3N,._ 

.:. F,.. = 222.9'2 N 

.E = 0 
H 

P + FA. -N.=O 

P = N8 - F~ = 284.68 - 222.9.2 

P = 61 .. 76.N Ans. 

Ex. 'ftte ladder hown in Fig:. '. is 6 m long and is supported. by a horizontaJ 
floor and vertical waU. The coefficient of friction between the floor and the ladder is 
0.25 and between, wall and 'ladder is 0.4. The wei·ght,of ladder is 200 N and may be 
co.nsidered as concentrated at G. The ladc.1er also supports a vertical load of 900 N at 
C which is at a distance of 1 m from B. Determine the least value of o:. at wbicb lhe - - -- - - - - - - - . - - - - - - - . - -

.ladder may be placed without s1ippirng. Detennine the reaction. at ihat stage .. 

,lo) 
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From the la.w of friction, 

l: V=O 

N,..-200-900 +F11 =:0 

i.e. NA 4 0.4 N, = I. l.00 

I/1:;::0 

F.1,-N.a=O 

U.2SN~ = N1 

Rom (3) and (4) we pt: 

N11 (1 + 0 .. 4 X 0.25) = 1100 

NA =· IOOON 

F&:::;:;:lSON 

Na :::::2SON 
F 8 = 0.4 x 250 = 100 N 

1:M~ -0 

F,. = 0.2:5 NA 

F,=0.4N, 

N1 x ,6 in ,ex + F8 X 6 cos a - 200 x 3 ,cos a - 900 5 cos a = 0 

250 x 6 sin a= (-100 x 6 + 600 +4500) oos a 

45001 

tana.=-=•3 
1500 

«=71.565° 

INSTITUTE OF TECHNOLOGY 

Department of civil engineering, Ci Tech 

18CIV14/24 

... (1) 

•. . (2) 

... (3) 

... (4) 

AM. 

At1s. 

An:,·. 

Am·. 

A,u·. 

Page 63 



Elements of Civil Engineering and Engineering Mechanics 

MODULE-3 

SUPPORT REACTIONS 

18CIV14/24 

A beam is a structural member or element, which is in equilibrium under the action of a 
~ non-concurrent force system. The force system is developed due to the loads or forces acting on t the beam and also due to the support reactions developed at the supports for the beam. 
C, 
w 
~ 
~ 
I-

~ 
C, 

V) 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Plane of support Beam 

0 

2) Roller support: 

This is a support in which a beam rests on rollers, which are frictionless. At such a 
support, the beam is free to move horizontally and as well rotate about the support. Here one 
reaction which is perpendicular to the plane of rollers is developed. 
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Beam 

Plane of rollers 
Frictlmless rollers 

Plane of ro ll~ts 

R 

Types of beams <CAMJaRITDCGJE 
Depending upon thJ~~eMTitt"~eh1 ~ eam cJJr~<fiY'its two ends), beams can be 

classified as follow . 

A beam is said to be simply supported when both ends of the beam rest on simple 
supports. Such a beam can carry or resist vertical loads only. 
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2) Beam with one end hinge~ other on rollers. 

carry loads is any 
direction. 

0 

4) Over hanging beam : 

It is a beam which projects beyond the supports. A beam can have over hanging portions 
on one side or on both sides. 
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RB 

l 

= 

JE 

·- It is a beam which has a fixed support at one end and a simple support at the other end. 
0\ ·-0 

@) RAH 

RAv RB 
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7)Continuousbeam: 

It is a beam which rests over a series of supports at more than two points. 

l l ll 
A C 

RA Re 

Note: 

Types of loads: INSTITUTE OF TECHNOLOGY 

If a load acts over a very small length of the beam, it is assumed to act at the mid 

point of the loaded length and such a loading is termed as Point load or Concentrated load. 
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0 

w/ unit length 
I 
I 

L/2 L/2 
L 

L 

3) Uniformly varying load (UVL): 
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If a beam is loaded in such a manner, that the intensity of loading varies linearly or 
uniformly over each unit distance of the beam, then such a load is termed as UVL. 

In applying conditions of equilibrium, a given UVL should be replaced by an equivalent 
point load or total load acting through the centroid of the loading diagram (right angle triangle). 
The magnitude of the equivalent point load or total load is equal to the area of the loading 

~ diagram. 
~ 
L 

J3 W=w.L/2 
~ 
~ 
I-

~ 
C, 

V) 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 
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4) External moment: 

A beam can also be subjected to external moments at certain points as shown in figure. 
These moments should be considered while calculating the algebraic sum of moments of forces 
about a point on the beam 
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Note: A beam can also be subject to a load as shown in figure below. 

I 

w,/ !3'it lenglll_-_J_-_-)lllilll_.lllillj._._.._. •• .._ ..... .-......... ~-
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0 

CJ) 

·-0\ ·-0 
@) 

<CAMJaRITDCGJE 
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Department of civil engineering, Ci Tech 

18CIV14/24 

(wrw1)/unit length 

Page 71 



-L 
~ 
0. 
C, 

Elements of Civil Engineering and Engineering Mechanics 

SUPPORT REACTION 

~ 
ROLLER VA 

HINGE 

FIXED 

18CIV14/24 

NO.OF 
REACTIONS 

(1) 

(2) 

a.. Exe mpl 4: D t nuin th uppon r action for tb beam sbo n in Fig 7 at A and B. 

0 
CJ) I: lx, = 0; 

I: / "; = 0; 

""' M = . L...J O , 

VA -l0-25-32 + B -

V +VB= 67KN~ 

u, -+ L M =0 
~ 
~ -10 2 - 25 5 - 32 9 V11 10 = 0 
0 Z V8 = 43. KN 
·-0\ VA= 23.7KN ·-0 
@) 

Department of civil engineering, Ci Tech 

e, 

4m j_~ 

2511.N 2f.N 
I+ 

F'B1> 
VB 

fi;q . 7 fu<.o.me_1A 4 
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Exampl 5: D t rmin th upport r a Lions for Lh beam bown i11 Fig at A and B. 

, J, =0· H =0 L.. x ' A 

' f =O·V -40-40+ ~ _V, , .4 - 0 B -

VA+ B = 0 

i;M A = 0- 40 )- 40 7 +VO = 0 

8
= 4-KN 

= 5K ; 

,#IN 
' 

4IJ>:N I 

Exampl 6: Del rmin Lhe ·upport rea tion r lh beam ·h wn in Fio al A and B. 

H -17. =0 

H., = 11.~ -K 

-JO+ n= 

+ 11 =5: 

- "'M =0 
- ,I 

- I x _ + 2 - -0 - I 

/l =4-

- IOll I= 
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Exampl 7: D termin Lhe. upport reaction f r the beam sh ~ n in Fig 10 at A and B. 

, r =0: £..J.I ,,; , 

1-lA 

m 

\ =12K. , . 
---+r-----;.._ _______ _ 

'"& 

R,, = 9.--+K 
H = 4.6_ 

V ,. 

<CAMJaRITDCGJE 
INSTITUTE OF TECHNOLOGY 
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Ve. e 
V. = s,;..4 

~ ~ 
C0,5, .. 
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MODULE-4 

MOMENT OF INERTIA 

18CIV14/24 

The Moment of Inertia (I) is a term used to describe the capacity of a cross-section to 
resist bending . It is always considered with respect to a reference axis such as X-X or 
Y-Y. It is a mathematical property of a section concerned with a surface area and how 
that area is distributed about the reference axis (axis of interest). The reference axis is 
usually a centroida l axis. 

The moment of inertia is also known as the Second Moment of the Area and is 
expressed mathematical ly as: 

X 

= 

Ix= JAy2dA 

ly = IAx2dA 

y 

AreaA 

= 
Where 

y = distance from the x axis to area dA [ IQ) G ]E 
x = distance from the y axis to area dA HNOLOGY 
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The radius of gyration of an area with respect to a particular axis is the square root of 
the quotient of the moment of inertia divided by the area. It is the distance at which the 
entire area must be assumed to be concentrated in order that the product of the area 
and the square of this distance will equal the moment of inertia of the actual area about 
the given axis. In other words, the radius of gyration describes the way in which the 
total cross-sectional area is distributed around its centroidal axis. If more area is 
distri buted further from the axis , it wi ll have greater resistance to buckl ing. The most 
efficient column section to resist buckling is a ci rcular pipe , because it has its area 
distributed as far away as possible from the centroid . 
Rearranging we have: 

k = {I:" 
X VA 

k,=fi 
Parallel Axis Theorem I II r-, ~ 

The moment of inertia of an area with respect to any given axis is equal to the moment 
of inertia with respect to the centroidal axis plus the product of the area and the square 
of the distance between the 2 axes. 

The parallel axis theorem is used to determine the moment of inertia of composite 
sections . 

CCAM IBS Rll LJ Clrr lli 
INSTITUTE OF TECHNOLOGY 
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y' = Centroidal axis 

y • dx 
I " = j (y'+d y)1 dA 

.! 

= f [(y')1 +l(y')(d~ + d_) 1 ]dA 

'--------..I....-- X 

0 

y 

y 

dx X 

A 

- 2 
J;r, = J.v O + d x A 

The rectangular moments of inertia I_'" 
and i-,. of an area are defined as 
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These computations are reduced to single integrations by choosing dA to be a thin 
strip parallel to one of the coordinate axes. The result is 

1 
dl x =- y3 dx 

3 
dl = x 2y dx >' 

• Moment of Inertia of a Rectangular Area. 

= (by3) 1h 
3 0 

y .. b •I 

y· I dA = (bll )dy 

.----+--+--, 

~ ffY 
x· 

b/2 
I 

- 1· 2 I . = I x, = . y dA 
A 

= 4(!!_ )Llh/2 
2 3 0 

bh
3 

(=:l 
12 

y· 
dx 

X 

18CIV14/24 

I I-I dA = hdx 
h/2T+--+--;- dA = (h/'2. )dx 
1 ~ . 

X 

X 
•l••I 

dx 

~-.. x 

I Y = f x 2
dA 

A 

b 

= J x2
(hdx) 

0 

= (hx3 )1b 

3 0 

hb3 

3 

Department of civil engineering, Ci Tech 

h 

j
. ) h 

= 4 x- (;dx) 
0 -

= 4(~ ) x' 1h12 
2 3 0 

hb3 

<==i 
12 
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y ~ 

1:=- I= -h/2[ - bh
3 

h/2 ----- - ---- - :r 12 bh3 

~--~- x I= ­

b 

= bh 3 + (bh ('!!._)2 
12 2 

bh3 bh3 

=-+-
12 4 

bh 3 

I= -
-" 3 

x 3 

• Moment of Inertia of a Triangular Area. 

18CIV14/24 

Integrating dlx from y = 0 to y = h, we obtain 

~ f 
h dy 

.Y 

b/2 b/2 

d.( ,. = y2 dA dA = ldy 

-sing similar triangles. we have 

!._ = h- y 
b h 

l =b h- y 
h 

Department of civil engineering, Ci Tech 

I x = J/ dA 

,, ? h - b I, 

= j y -b___I_ dy = -J (hy - y3)dy 
o h h o 

=~[h.i_ _ y4 ]~ = bh3 ~ 
h 3 4 L 

- ') 

I ,, =Ix +Ad-

j x =Ix - Ad 2 

= bh
3 

_ bh)(!!_ 2 = bh
3 

12 2 3 36 
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3 

·lZSJr 
Ol~b- .- 1 X 

s ,_•~ 
I b- ..j 

Prouerties of uiane areas 
I t•c 111n le I n gm r • ~· a l "nlJOHI) 

Triangle 

bh 
A= -

2 

bh3 

I = 
X 36 

/1 ,, 
t i /,I, \ I' 

) .! 

/,I,\ 1Jh 1 

I , ,_ I , 

h/1 
(I,·'· I !, ·') / .,, () / ,, ,_ 

n,•·tan:::1· ( fl ·m or ,I l'\ , tl 1 1\CI .I 

1,,,.1 fr/, I 

I , /. = 
~ ' 1 

f, h , ., 'r 
li/1 h, , ( 1>~ 1 J II 

(Ori" in r axes at centroid.) 

b+c h 
x= -- J> = -

3 3 

bh , , 
I = - (Ir - be + ck) 
' 36 

h1 
I = - 1h - 2c) ,-, 72 \ 

bh 
j = - (h1 + b2 

- be + c2 
p 36 

Triangle (Origin of axes a t v n cx..) 

b /1 3 
! . = ­.• 12 

hh , 
2 1

7 
= - (3h- - 3hc + c: ) 

l 

bJ,2 
J ~Y = - (3b - 2c) 

24 

Tsosccles mangle (Origi n fax 

hli 
.4 = -

2 

bl,3 
I= -, 36 

h 
2 

/rb 3 

I =-
48 

bit 
I = - (41t 2 -:- 3h2

) 
r 144 

h 
J' = 

3 

f,, = 0 

bh3 

l aB= -
12 

t\l centroid.) 

(Nole: For a n eq uilateral tria11glc, ii = .J3h/2.) 
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6 

T -
h -

8 l ! y 
X 

D 

7 

8-~ 
i, 

01 h .x 

/~ 
8 

9 y 
rl= 2r 

10 

Rioht tl'iaoglc (Origi.n f a~e · al cent roid . 

J, bi 
; t = - x= -

h 
}' - -

Ith bh., 
I= -., 36 I = -I' 

1 - hh h2 + h.3 
p ,. 

Right ria~l 

bh 
l = ,..,. 1"" 

(Origi, f a.x , at vcrt x. 

bh 
I - ( 1i2 

p L 
tlr 

r JJ/J = 
4 

1111111 A-.. 11111111 ~\ 
Trapez~fd (Origin f axe at centrnid. 

ha + b) 
A= - --

2 

_ h(2.a + b) 
)!!!!!--­

{a + fr) 

CU"Cle (Origin of axe al .euoor.) 

rrr4 1td mi2 

.A = n:r- = - l = 1 =-= -:. ' 4 M 

Jl;l,-4 n.d4 
J =-=-

p "'2 
5:n:r4 Sr:td 

lnn = - - =--
4 64 

ir -111lar t in-• (0 ' 0-tn fa ·e. t _nter.) 
Aippr,o imate formul fo1 case when tis small. 

' = 2m-t = rrdt 
J d3

l 
nr l =--

8. 

l :xy = 0 
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11 

X 

B 

12 IY 

B 

X 

emicircle (Origin of ax al cenlr id.) 

nr2 4r 
=- =-

2 ..)7C 

(9n2 - 64)r4 
4 l ;c = - --- ~ 0.109 r 

72n 
m-4 

lBa--

Quarter circle Origin of ax 

4 

4r 
x=.v= -

3n 

nr 
I - I --
.x Y 16 

r4 

nr4 

I = -
:v 8 

Quactcc-dn;uhu 1>Jt,mJcd (01i~ uf aA ~ at crtc . 

r 
x = --- 0.1766r 

3 4 - n> 
_ (10 - 3n r 
v=---

(4 - n) 
0.22 4r 

I ~ -= ( l -
1
:) r4 ~ 0.01 2 r4 

---=
_..-J;p•~cvJJ}U'q ~/ 

Example \ ~"' I /L 

18CIV14/24 

0.1 70r4 

Determine the moment of inertia of the shaded area shown with respect to 
each of the coordinate axes .. 

y = kx2 

X 

1• a •I 
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y 

• Moment of Inertia Ix. 

y = kx,2 

Substih1ting x = a and y =b 

y = kx2 

b = ka 2 

b 
k = a2 

b a 1" y =- x- or x =---in y -
a 2 b 

lJ )) Y) ')V 111111111 

• Moment of Inertia ly. 

y 

y = Jal 

Department of civil engineering, Ci Tech 

T, = f y-dA 
A 

b 

= f y 2 a - x )dy 
0 

b 

r 2 Q 11 2 
= . y (a - b112 y dy 

0 

b b 

= a f y 2dy - b~2 J y 512dy 
0 0 

= ay3 lb-~(~ vm)lb 
3 b l / 2 , 

0 0 

= ab1 -~(~b112) 
3 b112 7 

ab3 2ab3 

- - - --
3 

ab3 

21 

11 L-J 111111 llr\ vr 

" 
= J x 2

ydx 
0 

5 

18CIV14/24 

Page 83 



-L 

Elements of Civil Engineering and Engineering Mechanics 18CIV14/24 

Example 
Determ ine the moment of inertia of the shaded area sh own wi th respect to 
each of the coordinate axes. 

ab) 

J = ..,-2 2 .A, 

'1 = x 

~ • Moment of Inertia Ix. 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

y 

a,b) 

y_ = x1 

Department of civil engineering, Ci Tech 

I i = J y -dA 
.d 

b 

= J.v2(x2 - xi)dJ 
0 

b 

= J .v2 (yl/2 - y)<.ry-
0 

b b 

= J y5'-)d -J (y3)dy 
0 0 

2 b 

= - y 1f2 

7 0 

4 b 
y 

4 
0 

Page 84 



-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Elements of Civil Engineering and Engineering Mechanics 18CIV14/24 

• Moment of Inertia ly-

y 

ab) 

Y1 = · · 

Moment of inet ti 

0 

f 1' 

l .v =. x-dA 
.~ 
,a 

= r x2 Yi - dx, 
[I 

a 

= X J 2 

0 

) d x - x- • rx 

,a a 

= J (x3)d:r - J (x 4 )dx 
[I 0 

4 

11111111 

5 a 

A simi lar theorem can be used with 
the polar moment of inertia. The 
polar moment of inertia 
J 0 of an area about o and the polar 
moment of inertia Jc of the area 
about its 

centroid are related to the distanced between points C and o by the relationship 

The parallel-axis theorem is used very effectively to compute the momenr of 
inertia of a composite area with respect to a given axis. 
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Example 

Compute the moment of inertia of the composite area shown .. 

I• lOOnnn ~ 

2 illlll ' 5111111 

5 llllll _ .....__ ____ __ x 

,SOLUTION 

I• 100 llllll ~ 

25mm nun 

7 5 mm = ( d_r)cu: 
_.....__ ___ __._.....___ X 

= [! {IOO)(l50/ JRect - [~ ;r(2 -)4 + .1t X ..:,-:2 (7:-) ]c;r 
3 4 

= l01xl06 mm4 ¢=:J 
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Exaimple 

Determine, the moments of inertia of the beam s cross-sectional area 
shown about the x and y centroid.all axes. 

T 
00 

100 
14-Jol 

V ., 

l_ 100I~-~~--~--+--+- x 

400 

l_ 

<CAMJaRITDCGJE 
INSTITUTE OF TECHNOLOGY 
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SOLUTION 

T 
100 
~ 
A 
• 

y 

1•4-- 600 -23 

Dimension in nun 

0 
- 1 - 02 - 2 

J,. = I, +Ady - A + (Ix +A f y )s +(I_, +Ad,, C 

= [ _!__ (100) 300/ + (100 X 300 
12 

+[-
1 

(100)(300 3 + (100 x 300 200)2 ] 
12 

= 2.9x109 m.m4 

100 

T 
~ 

Dimension in rmn 
0 

- J - 1? - ? 

I y = (I ]' +Adx-).~ + I ,, +Af ,-h +(IJ, +Adx- )c 

= [2- (3 00)000)3 + ooo x 3oo)c2so)2 L + [ 2-o 00)(600)3 + oJs 
12 1 

+ [__!__ (300)(1 00)3 + (100 X 300)(250/]c 
12 

= 5.6x109 mm4 C=:J 

Department of civil engineering, Ci Tech 
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Examp.le 
Determ:i1ne the moments of inertia and the radi1us of ,giyration of the, 
slhaded area with respect to the x and y axes. 

,8mm _., 
24mm 

t X 

24nun 

6mm 

f 
~4mm 

SOLUTION 0 
- J - 1'2 - ') 

J::, = (I ... +Ady- A +(Jx+A f ., ) B + (J,: + AdJ.- C y 

= [__!___ (_4)(6)3 (24 X 6 (- 7 2
]. 

1- a 

d yA 24 mm 

• i----_,__ _ ___,__ __ X 

1 
+ [- (8) 48)3 + O]s 

12 

0 
d c 24mm 

~~-----.y t 
1 

+[- (48)(6)3 +(48 x 6)(2 /]c 
12 

6mm 
t I = 390x103 mm4 ~ 

X 

fr:" 390 x 101 

k, = ·fA = \ [ (24 x 6) + 8 >< 48 · 

24nun 24mm 

0 0 0 
- 1') - 11 

') - fl ? 
IY = I Y +Af.- -~ +(I_1, +Aflx- )B (J,Y +A_/l, - )c 

1 l 1 3 l j = [- 6)(24 L + [- 48)(8 · ls + [- 6 ( 48 · le 
12 12 12 

= 21.9m.m¢=i 
6)] 

Jr = 64.3xlO3 mm4 <=:i k _ ~ - 64.J x 10
3 

· - 1 - --------- = 8.87mm <==:J 
>' , A [(24 6 + 8 x 48)+(48 x 6)] 
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t Determ.ine the moments of inertia and the radius of gyration of the 
a shaded area with respect to the x and y axes. w 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

y 

0 .5 m1 _. 111 -ill !4- 0 .5 m 

21n 

lm 

0.5 m--..j rt-
LS '::-~ u-7 c..J \ ____ ~=s_ ~ 7 __ ----.J7 
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y 

0. - m-, lm l,. 2111 .,.
1 

0 

Jr = J, + Al \~5'<6 - (Jr + Ad/ B4><2 - ( { , +Ad/)c4~1 

B 
dvB 

1 m 
A X 

dvc 1t C µ_ 
ill 

I 

~ Ill 

I = 46 1114 ¢=:::i 
X 

o. -m-.j r- l4-- o.5m kx = ,,~Ax = 
46 

= 1.599 m ¢:::::::1 t~ [(5 x 6) - (4 x 2) - (4 x l)] 

0 0 0 
- 2 - 1'- 2 - .t 2 

J.l = (J,v + A " )A - J>, + Afr )B - (I}, + Afx )c 

= [-
1 

(6) s)3 )& - [_!_ (2) 4 ' h - [_!_ (1)(4)3 ]c 
12 - 12 12 

~
11 

= 46.5 m4 ¢=:::i 

k,. = ,{!5- = ,-[(-
5
------

1
-)] = 1.607 m q 

Example ) f ?:1 1111\l \ l lJJ7 }) ))1111 ~\ \ 
Determine the moments of inertia and the radius of gyration of the 
shaded area with respect to the x and y axes and at the centroidlal axes. 

y 
1cm I\ 1 Clll 

H H 

ctn 

l Clll ... 
X 

1• • 1 

,r 

- cm -
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y 
1cm 1 cm • Moments of inertia about centroid 

H H 
2 

5cm • CG • 

3.5 

cm 

-
y 

i x = I ,, - Ad,,­

= 145 - 15)(2.5)­

= 51.2 - cm 4 ¢:::::J 

OR 

- 1 3 ' 
I x = 2[(- (1)(5) + (5 1)(1 -1 

12 

+ [(~ (5)(1 3 + (5 x 1)(2)2 ] 
12 

= 51. 25 cm4 ¢::J 

y = 2[(3.5)(5 X 1)] + (0.5 (1 5 

3(5x l) I,, = l y = 2[(J_ (5) 1)3 + 5x 1)(2/ ] +J_ (1)(5)3 
· 12 12 

= 2.5 cm = 51.Z- cm4 ¢:::::J 
• Moments of inertia about x axis 

Jx = 2[(-
1

(1)(5 3 +(5 x 1)(3.5 )2 ] +..!:. (5)(1 3 

12 3 
- - r-; k = k = _!__ = 

x Y \ A 

=1 45 C/11
4 ¢:::::J 

Example 
J 

The strength of a W360 x 57 rolled-steel beam iS increased by attaching a 
229 mm x 19 mm plate to its upper flange as shown. Determ ine the 
moment of inertia and the radius of gyration of the composite section with 
respect to an axis which is para llel to the plate and passes through the 
centroid C of the section. 

C 

r 9mm 
3 58 mm 

'----------' 1 
I• •I 

172 mm 
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-L 

SOLUTION 

d 
188.5 nun 

C ---ie+---¼-y- x _l_ 
3 5 8 mm • ------"'---- x 

0 

1 
I• ~1 

172mm 

• Centroid 

The wide-flange shape of W360 x 5 7 
found by refenfag to Fig. 9.13 
A = 7 _30 nnn2 I , = 160..2 mm 4 

Aptate = (229)(19) = 43 - 1 llllll2 

Y>....A = LyA 

Y(4r l +7230) = (l88. - (4351)+(0)( 230) 

Y = 70.8 mm 

• Moment of Inertia 

= [ 1~ (229)(19)3 + ( 435 1)(188.5 - 70.8/ ] 

+ [160.2 X 106 + (7230)(70.8)2 ] 

= 256.8 x l06 mm 4 

• Radius of Gyration 

, I . 256.8 x 106 

k -. = __.!._ = ----
x A 4351 + 7230) 

kx. = 149 mm ¢::::J 

~ 
0. 
C, 

a.. 
_________________________ \____ --- ---- u I ----- _, L I ---------

0 
CJ) 

·-0\ ·-

Po I a r Moment o~ n~rtil~I~~ 

y 

r 

X X 

The polar moment of inertia of 
an area A with respect to the pole 
0 is defined as 

J -f r2 
dA o -

0 The distance from Oto the element of area dA is r. Observing that r 2 =x 2 + y 2 , we 
@ established the relation 
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Example 

(a) Determine the centroidal polar moment of iinertia ,of a circular area by 
direct integ1ration . (b) Using the result of p.art a1 determine the moment of 
inertia of a circular area with respect to a diameter. 

0 

a.. SOLUTION 
0 

CJ) 

·-0\ ·-0 
@) 

y a. Polar Moment of Inertia. 

dA = 2m,du. 

r r 

J 0 = J dJ0 =J u 1
(2m1 du) = 21r J u 3du 

0 0 

b. Moment of Inertia with Respect to a Diameter. 

J =I + I = lI 0 X J1 X 

Jr 4 
- r = 21 
2 X 

1 . = I = ;r r4 ¢::::J 
diamett11· x 

4 
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Centroids and Moments of Inertia of Engineering Sections 

CENTROID OF PLANE FIGURES 
4.1 Centre of Gravity: 
Everybody is attracted towards the centre of the earth due gravity. The force of attraction is 
proportional to mass of the body. Everybody consists of innumerable particles, however the 
entire weight of a body is assumed to act through a single point and such a single point is called 
centre of gravity. 

Every body has one and only centre of gravity. 

Note: In the discussion on centroid, the area of any plane figure is assumed as a force equivalent 
to the centroid referring to the above figure G is said to be the centroid of the plane area A as 
long as 
a1d1 -a2 d2 = 0. 

4.3 Location of centroid of plane areas 
y 

Department of civil en · G 

Plane area 
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y 

- --- x _ x G 
I 
I 
1 -
1 y 
I 
I 
I ---~-~----------+ 

y 

• I 
I 
I 
I 
I 
I 
I 
I 
I 
I x G r -------- >r< 
I : 
I 1-
I I f 
I I 
I I 
I I 
I 

~---------- l. - ----------+ 
X X 

18CIV14/24 

In some cases the giv~i:i~ymmetrica ..., 'a horizontal~er-vef-t'iealJline such that the 

centroid of the plane arzcr x h~ ol mllry[ TI) CG JE 
I 

OF TECHNOLOGY 

z y ·-0\ 
~ ~------~-------~ t 
~ ~--b/2----j 

The above figure is symmetrical about a vertical line such that G lies on the line of symmetry. 
Thus 
X=b/2. 
Y=? 
The centroid of plane geometric area can be located by one of the following methods 

a) Graphical methods 
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b) Geometric consideration 
c) Method of moments 

The centroid of simple elementary areas can be located by geometric consideration. The centroid 
of a triangle is a point, where the three medians intersect. The centroid of a square is a point 
where the two diagonals bisect each other. The centroid of a circle is centre of the circle itself\ 

t METHOD OF MOMENTS TO LOCATE THE CENTROID OF PLANE AREAS 
C, 
w 
~ 

~ "'~~ ~O;!:ll§P1,~ 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

y 

X 

\ ______ \ 

Let us consider a plane (Q 
required to locate the p~ o 

d 

a1 .x1 + a2 . x2 + a3 . x3+ ................. .. (2) 
Equating (1) and (2) 

A . X = a1 .x1 + a2 . x2 + a3 . x3+ .......... . 
a1 . Xi. +a2 . ~ +a3 . ~ + ....... . 

X= A 

2Ja.\J JxdA 
X= A or X= A 

Department of civil engineering, Ci Tech 
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Where a or dA represents an elemental area in the area A , x is the distance of elemental area 
from Y axis. 

Similarly 
al yl+a2. y2+a3. y3+ ....... . 

y= A 

2Jay) jy.d4 
Y= A or Y= A 
TO LOCATE THE CENTROID OF A RECTANGLE FROM THE FIRST PRINCIPLE 
(METHOD OF MOMENTS) (,.~ '{0 TH£ p 

• v ~~ u_;,, 
: ~v 
I 

X axis. 

0 
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W.K.T 

y 

A= b. d 
dA = b. dy 

y = 

Similarly 

y 

• I 
I 
I 
I 
I 

y 

d 

>---~~~--------------. 

Centroid of a triangle 

y = j Iydy 

y = -k [~I 

b 
·x.dA 

x =-• -
A 

A = b . d 

dA = ch: . cl 

b 

• x.(dx.d ) 

x =_o __ 

X J & &. ~n :~...., .. ~NQLQGY 

Department of civil engineering, Ci Tech 
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• 
I 
I 
I 
I 

y 

--,f---7(- 1 

@1-yj 
: ✓ 
I I 
I I 
I I 
I I 

h I I 
I I 
I I 
I Y I 
I I 
I I 
I I 
I I +- -}L 

axis. 

W.K.T 

jy.dA 
Y= 0 

A 

A= b.h 
2 

dA = b1. dy 

_l rdy 

X G 
-y 

~------~-------------.. 

f ------------- t 

<CAMJaRITDCGJE 
INSTITUTE OF TECHNOLOGY 

jy.(b1 .di 
Y= 0 

b.h 
2 
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Y=i-t~-{} 
- 2[ 2 I J ~ Y= y -

~ h2 3.h
0 L 

C, 
w - 2['i2 h3] 
~ Y= h 2 3.h 
~ 
I-
~ Y=~[~ -~] > 
C, 

V) 

II) Y=2h[½-~] II) 

~ -L Y=2.h ~ 
0. 6 
C, 

a.. 
Y = ~ similarly X- -0 

CJ) 

<CAMJaRITDCGJE 
INSTITUTE OF TECHNOLOGY 

·-0\ ·-0 
@) 
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Centroid of a semi circle 

y 

+ 
I 
I 
I 
I 
I 
I 
I 

r I Y~(h /3) ' "' ' 

~----~------_____,,,_~--~-----------• X 

18CIV14/24 

X=O 

semi-circle. Let us consider the 

Y=-A-

2 
A= ;r,r 

CA Rli ]D) Gjf sin9d0 

INSTITUTE OF TECHNOLOGY 0 
2 

Y=-A~ 

f ~.sin0.dA 
Y= 

A 
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y 

t 
I 
I 
I 
I 
I 
I 
I 

-•-
I 

- 1 
Y 1 

I 
I 
t 

• 

WKT 

f y.dA 
y = ------,-­

A 

;r,r2 
A~2 

f y.dA 
Y=-~ 

A 

I Y~ (h /3} , ,, 8 

.I • X 

.......,_____, , M I J~_~o D 
INSTITUTE OF 'P CHNOLOGY 

Y-= 

1r.r2 
4 

4r trf2. 
-3 J s ittt.d0 
;[ 0 
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elemental area 

4r 
= 37r[0+ I] 

- 4r Y=-
31r 

Similarly 

- 4r x-- 31r 
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Cent.mid of cdor of .:i Circle 

n td r th r rd h , n ln I. u t mm t ·, ntr i U 
on x a . To find il'S distance from the centre 0, cons der the elemental a 

th I m nt • rd r 

Its moment about y axis 

• rd d r s 

=F co 

ut 

aR 

J f r2 drd 
-u 

[ 

3 ].R 
- [ in 

R; 
- - _sn 

Total area of the e r 

rdrd 

Il1e d!:Estance of aentroid from oentre 0 

2.Rc1 
--sin.a 

R2a. 
2.R 

= - sJina 
0.. 
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Celli iroid of Some Comm.on figures 

Shape 

,bh 
3, z 

1, b •I ll: 

"i 

• 
~ 

,3 
X 

~ 4R 4 .Ii - · ·-
.x 3, ,3 . 4 

i-- R-tij 

:la; sin. a. •, aR2 

• -
5 

- · 
3 

_ , -
B 3 

rn 
Ii a .•I 

4.5 Centroid of Composite Sections 
In engineering practice, use of sections which are built up of many simple sections is very 
common. Such sections may be called as built-up sections or composite sections. To locate the 
centroid of composite sections, one need not go for the first principle (method of integration). 
The given composite section can be split into suitable simple figures and then the centroid of 
each simple figure can be found by inspection or using the standard formulae listed in the table 
above. Assuming the area of the simple figure as concentrated at its centroid, its moment about 
an axis can be found by multiplying the area with distance of its centroid from the reference axis. 
After determining moment of each area about reference axis, the distance of centroid from the 
axis is obtained by dividing total moment of area by total area of the composite section. 
PROBLEMS: 
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Q) Locate the centroid of the T-section shown in fig. 

,• 100 O .. , 
t ,------+=--------.-~ X 

j A, tg1 20 

r~~}~~T 

fg2 _1100 

AJ 
I 
' 

-1 20 1-
t 
y 

All dimenscons in mm 

Solulion. Se]ecting the axis as shm~,m in Fig. we can 
say due to symmetry centroid. lies on y axis, i.e. x = 0. 

ow the given T-section n1tay be divided into two rectan­
gles A1 and. A 2 each of siz.e 100 x 20 and 20 x 100. The 
centroid of A 1 and A 2 are g-1(0, 10) andgi(O, 70) J'.,especti ely. 

: . The distance of centroid from top is given by: 

y = 
100 X 20 X 10 20 X 100 X 70 

100 X 20 ' 20 X 100 

= 40mm 

Hence, centroid of T-section is on ltte symmetric axis af a 7 
distance 40 mm.from the top. An . ____ ..., 

18CIV14/24 

-----------------------------£-AM-Ieb--&~-Q.-(G---IB-------------------------
Q) Find the centroid of the l!l 1 

0 ~ 150 -----i 

TT ,~. A, f 
I _i_ !G 

y 
All dimensions in mm 

X 

Department of civil engineering, Ci Tech 

IQI .0GN'in Fig. 

Page 106 



-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

Elements of Civil Engineering and Engineering Mechanics 18CIV14/24 

Solution. TI1e given composite figure cru1 be divided in to two rectang1es: 

A1 = 150 x 12 = 1800 mrn2 

A2 = (200 - 12) x 12 = 2256 rnm2 

Total area A = A 1 + A2 = 4056 mni.2 

Sela"'ting the reference axis x and y as shown in Pig. 2.30. The centroid of A1 is g1 (75, 6) 
and that of A2 is: 

i.e., 

g,,_[6, 12 ~ ·200 - 12)] 

gl (6, 106) 

_ Moveinent abou t y axis 
X =-

= 

y = 

To taJ a re a 

A1X1 + A2X 

A 

Movement about x axis 

TotaJlarea 

A1.!'1 + A2Y 
A 

= 61.62mm 

Thus, the centroid is at x = 36.62 mm and Tf = 61.62 mm as shown in the figure Ans. 

L--l ' .-===,,-._ I / , .......... i ---------------------\ ------------, -------- ~ --------z -------------I --------

Q) Locate the centroid q n I ~cti._ n J10 1 
y 

_j__ i.--100----
m rn-1[ I[) CG JE 

:HNOLOGY 
20 

-r 20 

Ail 
100 TQ'2 

' G +·-t-------y-
' 
I 
I y 

T .-------L---~-r-~---
10 A~ Tg3 

~~-----------~~x 
0 

-----150--------

All dirnensio.ns in mm 

Department of civil engineering, Ci Tech Page 107 



~ 
~ 
L 
C, 
w 
~ 
~ 
I-
~ 
> 
C, 

V) 

II) 
II) 

~ -L 
~ 
0. 
C, 

a.. 
0 

CJ) 

II) 

~ 
~ 
0 z ·-CJ\ ·-Q 

@) 

Elements of Civil Engineering and Engineering Mechanics l 8CIV14/24 

Solulion. Selecting the co-,ordinate system as hovvn in Fig. due to symmetry centroid must 
lie on y axis, 

i.e., x = 0 

ow, the composite section may be split into three rectangles 

A1 = 100 x 20 = 2000 mnl 
Centroid of A1 from the origin is: 

20 
y1 = 30 + 100 + - = 140 mm 

2 
Similady A 2 = 100 x 20 = 2000 mm2 

100 
y2 = 30 + - = 80 mm 

2 
A3 = 150 x 30 = 4500 mnl'1-, and 

30 
y3 = 2 = 15mm 

A1Y1 A Yi , A3y3 
y = 

A 
2000 , 140+2000x80 4500 X] 

= 
2000+ 2000 + 4500 

= 59.71mm 

Fig. 
Thus, tl1e ce11troid is on the symmetric axis at a distance 59.71 mm frum the bottom as shown in 

An ·. 

70mmCAM la R[ TI) CG JE 
INSTITUTE OF TECHNOLOGY 

0 I• ~1 20mm 
Com onent Area mm2 X mm Y mm ax aY 

Quarter circle -1256.64 16.97 16.97 -21325.2 -21325.2 

Trian le 900 40 50 36000 45000 

Rectan le 2400 30 20 72000 48000 
IaX= IaY= 

a= 2043.36 86674.82 71674.82 

X.= 42.42 mm;.Y= 35.08 mm 
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Find the centroid of the shaded area shown in fig, obtained by cutting a semicircle of diameter 
100mm from the quadrant of a circle of radius 100mm. (Jan 2011) 

Component aY 

Quarter circle 7853.98 333322.9 

Semi circle 

<CAMJaRITDCGJE 
INSTITUTE OF TECHNOLOGY 
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INTRODUCTION TO DYNAMICS 

MODULE 5 

KINEMATICS 

18CIV14/24 

Dynamics is the branch of science which deals with the study of behaviour of body or particle 

in the state of motion under the action of force system. The first significant contribution to 

motion. 

S. 

the motion of body are CC'AeMcl lit°! ][)) (G IE 
TECHNICAL TERMS REI! , · !Cl (Or 

.II. .. & 'i.:J 

point. 

Path: It is the imaginary line connecting the position of a body or particle that has been 

occupied at different instances over a period of time. This path traced by a body or particle 

can be a straight line/liner or curvilinear. 

Displacement and Distance Travelled 
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P -> Position of the narticle at anv time tl 
x1-> Displacement of particle measured in +ve direction of 0 

",..,. Displacement 1s a vector 

In this case the total distance travelled by a particle from point O to P to P 1 and back to O is 

~ quantity, measure of the interval between two locations or two points, measured along the 
~ 
L shortest path connecting them. Displacement can be positive or negative. 
C, 
w 
~ 
~ 
I-

~ 
C, 

V) 

-L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ Let, ·-0 
@) 

P, 0 p 

I M•i,-----~-----.... -----~-----·~I 
INSTITUTE OF TECHNOLOGY 

Total distance travelled= x 1+ x1 + x2 + x2 = 2(x 1 + x2 Whereas the net displacement is zero 
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Rectilinear Motion notes: 

"Rectilinear motion" represents an object moving back and forth linearly (either up/down or 
left/right) but not both at the same time (we will deal with that when we do vectors in BC). 

Let s(t) represent the position of an object at any time t. Position can be positive or negative -
indicating whether above (rt) or below (lt) of the origin. 

Average velocity on an interval [ a, b ], would be the change in position divided by the change in 

Speed: Rate o 

Mathematicallya= ~ A.M. Ja R[ IO) (G JE 
AveraQe Acceleration INSTITUTE OF TECHNOLOGY 

(v + t\vt See Firmre 5.2. 

Fimire 5 2 
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time: 
s(b)-s(a) 

b-a 
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v(t) = velocity of the object at any time t, or the instantaneous rate of change of position with 
respect to time = derivative of position (s'(t)). This also can be positive or negative depending 
upon the direction of travel: + up/right, - down/left. 

Speed= absolute value of velocity 

~ CL Ex. The position 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

v(t) = 3t2 
- 24t + 

a(t) = 6t-24 = 0 => t = 4 

CAMI* 

t v(t) Direction 
(-1,2) + Right/up 
t=2 0 changing 
(2,4) - Left/down 
t=4 - Left/down 
(4,6) - Left/down 
t=6 0 Changing 
(6,9) + Right/up 

Department of civil engineering, Ci Tech 
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+ 9 

a(t) Speed inc/dee 
- Dec 
- 0 
- Increasing 
0 Constant 
+ Decreasing 
+ 0 
+ Increasing 
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**Note that when signs of v(t) and a(t) are the same, the speed is increasing. When the signs are 
the opposite, the speed is decreasing. Remember that speed = absolute value of v(t), so if v(t) 
=0 then speed=0 too. When a(t) = 0, the object is not accelerating so it is at a constant speed. 

This chart "describes the motion" - this is all you need to provide. You should show all 
derivatives and number lines. 

tfl Ex. Suppose a weight is oscillating on a spring and s(t) = 10 cos ( ~ t) where tis in seconds and 

~ 
~ 
I-

II) 
II) 

~ -L 
~ 
0. 
C, 

a.. 
0 

CJ) 

·-0\ ·-0 
@) 

5,r . l!. ) 
v(t) = - 3 sm'6t = o 

a(t) = - Sw codlt)= o 
18 "5 

t 
(-1,0) 
t= 0 
(0, 3) 
t=3 
(3,6) 
t=6 
6,9 

t=9 .+ 

9,12 + 
t=l2 0 
12,13 

12 - 13 

+ 9 - 13 

a) Need to figure out when hits ground => s(t) = 0 => Use quadratic formula t = 
6.7153517 sec. Then find v(t) - take the derivative - and plug in 6.7153517 sec. 

v(t) = -32t + 100 => v(6.7153517) = - ____ ft/s 

b) Max height occurs when projectile is changing direction - when v(t) = 0. So find this 
and plug the time back into s(t) to get the height. 
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v(t) = -32t + 100 = 0 => t = 25/8 sec. => s(25/8) = ___ ft. 

c) a(t) = v'(t) = s"(t) = -32 ft/s2 
. This should make sense to anyone who took physics as 

this is the gravitational constant when in these units. If were in meters, then it would 
have been -9.8 m/s2

. 

** If looking at the graph of v(t), could determine info about s(t) just like determined 
information about f(x) given f '(x) - it's the same thing! We will look at some of these in class 
next week as a review. 

<CAMJaRITDCGJE 
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