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MODULE -1

Introduction to Civil Engineering &Engineering Mechanics

I Introduction

Civil engineers have one of the warld's most important jobs: they build our guality
of life. With creativity and technical skill, civil engineers plan, design, construct and
operate the facilities essential 10 modem life, ranging from bridges and highway systems
o water treatment plants and energy ﬂ'fﬂanﬂ'ﬂtﬁg _ Civil engineers are problem

Erﬂﬁ%im, drnking water and
il mu Civil engineenng 1s an
owing figure shows the

energy needs, urban develop
umbrella field comprised of man

STITLTTE OF TECH

-
%@M@‘ﬂ S 1N

1.1.1 Civil Engineering: It is th st branch of pmfcsmnai engneermg, where the cvil
engineers are concemned with projects for the public or civilians.
The role of civil engineers is seen in every walk of life or infrastructure development activity
such as follows: -

1. Providing shelter to people in the form of low cost houses te high rise apartments.

2, Laying ordinary village roads to express highways

3. Constructing irrigation tanks, multipurpose dams & canals for supplying water 1o

agricultural fields.
4. Supplying safe and potable water for public & industrial uses.

An Engineer is a
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Protecting our environment by adopling sewage treatment & solid waste disposal
techniques.

Constructing hydro-electric & thermal-power plants for generating electncity.

Providing other means of transportation such as railways, harbour & airports.
Constructing bridges across sireams, rivers and also across seas

Tunneling across mountains & also under water to connect places easily & reduce
distance.

As seen above, civil engineering 18 4 very broad discipling that incorporates many activales in
various fields. However, civil engineers specialize themselves in one field of civil engineering
The different fields of civil engineering and the scope of each can be briefly discussed as

follows. 5 T0 IH,‘.J,-.

Ly

Surveying It isa sr:i:enc:ae‘e&;:!karf of dew'rrp‘uﬁfrtg tlﬁy relative position of points on the
earth’s surface by me&n}:m x.s:l é;nnﬂesu Aigecions ""‘1‘1 vertical heights directly or
indirectly, Surveving he.lps i prepanﬂe %&Q&/ and plans, which help in project
implementation. [setting out Ih;é aj A r'-:ta,-ﬂa'r railway track or canal, deciding
the location for a dam or d_ A : i The's at-ofl the project can also be estimated
before met:mi:ntmg the p%uw:l Hm‘ﬂ—d:yruﬁq@ﬁ from remote sensing satellites
is IIHPIHE 0 pri:paﬁ-mapq #ns & :Iu_:.i; cut dnmﬂ thj u:r-»:[,:;-huh eying.

[ h h:'l.uldl'ﬂg. bridge, dam, retaining
wall ete r:'gf'lsﬂ- 'of ﬂmﬂpqd;-mts like foundations f’bé— datn{ﬁqi tul:l from a certain
depth hnln:-m:{jll: nd- ereﬂ: ?:i]l a.i'lﬂr laveris |'|ud 50| Ehl:!'uhi be thoroughly
checked for \is Tnlltj f;xrl CONSUUCHON purpses. wﬁlz study dealing with the
properties & behaviowr of yoill under |aa s|& i2gs in environmental conditions is
called E.EﬂvtELI;]]ﬁwahEngqm Iig The inuwfel:lge o -.thf: g&ﬁng'_-,r g an area is also very
muech na:usmil N =

Structural Engineering, A 'hu'[\\n"i%g ur:a brra/ge o a E!E_II'J_EEH!ES_IS:_Qf various elements
like foundations. columas, beams, slibs ﬁaf’ Mhese compenents-are always subjectad to
forces. It becmnga,;mgurmut to qﬁfgmulne ma.g:‘ntude:& :"h;an:'.tmn the nature of the
forces and af:nn_gaﬂ Th ime. j’i pﬁjmg-u | the Tl]at«e'na-lf avsilable or that can be used
for construction "'H'Lr:‘ ot :ﬁl‘s the 5 8f the "Ell.ul'iﬂ:m!:I should be safely &
economically duﬁlE@H‘: HEE‘_HEEEEI:‘::WH iniaMed in such designing activity
The use of mmputer:s in desi gnmgﬂ?e members, is reducmg the tlme and also to maintain

amrra-:vl.l_ - YV | = I' = alis

Trans Ei I:I" ._]T'il:“l'rufl' a Js}':h..n:'I-mﬂm;iH InJliWﬂv'«L. ratlways, ur &
waterways, Here the role oF€ivil engineers is 1o construct facilities related to each one.
Sometimes crucial sections of railways & roads should be improved. Roads to remote
places should be developed. Ports & harbors should be designed to accommodate, all
sizes of vehicles. For an airport. the runway & other facilities such as taxiways, terminal
bunldings, control towers ete. should be properly designed.

Irrigation & Water resources engineering { Hydraulics Engineering): lmgation 1s the
process of supplving water by artificial means to agncultural fields for raising crops.
Since rainfall in an area is insufficient or unpredictable in an area, water flowing in a
river can be stored by constructing dams and diverting the water it the cansls &
conveved to the agricultural Delds. Apant from dams & canals other associated structures

Department of Civil Engneenng, ClTech Page 6



Go Paperless - Save The Earth

igiNotes

-

@D

Elements of Civil Engineering and Engineering Mechanics 18CIV14/24

like canals regulators, aqua ducts, weirs, barrages eic. are also necessary. Hydro elecinc
power generation facilities are alse included under this aspect.

- People in
every village, town & city need potable water, The water available (surface water &
ground water) may not be (it for direct consumption. In such cases, the water should be
purified and then supplied to the public. For water purification, sedimentation tanks, filter
beds, etc. should be designed. If the treatment plants are for away from the town or city,
suitable pipelines for conveying water & distribuging it should also be designed, In a
town or city, & part of the water supplied returns as sewage. This sewage should be
systematically collected and then d.i‘i:pﬂEEd into the natural environment after providing
suitable treatment. The solid 'w.?qti ithat” is generated in a town or locality should be
svstematically collected d:_"x’tﬁspmed—nﬂ*ﬂqﬁh;‘ Before disposal, segregation of
materials should be d::rnq.t_"i'r that a.rt}'u, matcnﬂ!, cﬁnﬁh‘é’ﬁcyclud & we can conserve our

natural resources,

7. Building Materials & Construction: Pechnaln -u .-?-Fr!.f enginesning structure requires a
wide range of matenals ko 0 = The choice of the materials is wide
& open. It b:cmn;}s im partant o mﬁn nc-:r 19 | be well versed with the
properties & api:nii‘tﬂms of thie different materigls, Any :.:amﬂm::nm] project involves
many activities dmﬁﬁ mthr}id mqim %ilatanajs, pqw%m&qhmery & money. The
different apﬁﬂ id be ‘planned properly: g mal me&‘na]a & mﬂclunery
should be%ptm;ta:ﬂy _:tt'fltgﬁ ;._:i: that :nnstmj;ﬁﬂ--iﬁ p*eiﬁq i time and in an
economical h‘m‘&m& ol cdf. u large | i :: %ﬂfﬁa:ﬂ‘anﬂgﬂmnnl technigues of

__.

prepanng hurhhipfts & nctT' rfr I'}ik'i:rrﬁ ect orderly in hime.

]
| F L i |

T P

] '\.Illl \ . |I__--
1.1.2 Effects of lq&;iruﬂuﬁ: develnp.mmt nnl the Epﬂh -econo ml-t- Mup-ﬂmt of a

-:-'_,,—-

: \_ L . / y
country — ._ , mr;b_:»;; P e

The temn infrastructure 48 wad ly usedio 01&1hﬁf&ﬂk§l‘fﬂea-ﬁﬁlﬁ1ﬂ for the sodio-econoimic
development of a region,. Themirastucure, ilities 1o be providéd for the public include:

Transport facilities INSTITUTE OF TECHNOLOGY

Drrinking wﬂ::f and mulahm |3:ﬂl|!li:ﬁ. : B
Lrri gati on i"sﬂ:II:m; LYW a | ElJI_'--'I i e €° -i I:.":l
Power genetation &‘ﬂﬂnmm‘ﬁmfnmlltl et fead g U U |
Education facilitics

Health care facilities

Housing facilities

Recreation facilities

D0l L ek B R L e

The well being of a nation is dependent on the quality & the quantity of the above services that
are provided to the public. Development of infrastruciure has number of good affects which can
be listed as follows.

1. Itisa basic necessity for any country or state.

2. It forms a part of business, research & education,

3, It improved health care & Cultural activities
—e e e e e e . . oo
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4. Tt provided housing & means of commumcation to people

5. It provided direct employment to many number of skilled, semiskilled & unskilled
laborers.

6, It lecads w the growth of associated industries like cement, steel, glass, timber, plastics,
paints, electrical goods e

7. It helps in increasing food production & protection from famine.

8 Exporing agncultural goods can fetch foreien cumrency,

Some i1l effects of infrastructure development can also be listed as follows
1. Exploiwation of natural resources can lead to environmental disasters.
2, Migration of people from villages 10 towns & cities in search of job takes place
3, Slums are created in cities. % TO T HE ”

4. It becomes a huge financial !{{ihéqﬂq rﬁ_gwm'}
‘:&' N % } oy
e e ‘-»_ \ 'IJ —_ Sl ,-ff_} 'E,.-

ENGINEERING m:crwnqﬂ ﬂ 0 LY,

and tax payers

MECHANICS

ltgahmnﬂhofﬂcimﬁﬁlwl&&dml'_ bﬁgsﬂi‘eﬁurm motion.

I:*.GmEEquS?ﬁdiaﬁ j{f | VJ | ‘ L \ar N( A

ies{;bim‘echari'iic' as applied 1o the pro elinmfﬂngﬁieanng
||' 1 | T.ib (TA lx,

kL —--..

e

It deals wath the pri

I__ |
'§ -.I.l .I f

e QA LHR P, Sy 1
oy U *‘. ,,':'I i/ ,
Engmeenng ‘uie:dmmEi d_ga,meth the ﬂmtlcmah nf p:}ﬁp ples nf mgu;haa:lﬁsanﬁ different laws
in a systematic mftuner

Concepts of Physical guantity, Scalar quantity, and Vector quantity

1 Particle: A particle 15 a body of infinitely small volume and the entire mass of the body is
assumed to be concentrated at a point

2. Rigid body: Tt is one, which does not alter its shape, or size or the distance between any two
points on the body does not change on the application of external forcas.

-_—_——m—
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3. Deformable body: It is one, which alters its shape, or size or the distance between any two

points on the body changes on the application of exteral forces.

e - L] —
F A B F

In the above example. the body considered is nigid as long as the distance between the points A
and B remains the same before and afver application of forces, or else it is considered as a

deformable body L 10T ”}!
— _] e
4.Foree: According to Newton® 5 ion or agent, which changes or
tends to change the state of rest d0fu p, A straight line.
Units of force: The gmwmncma! |t uffbrca 15 yam force and 15 denoted as

‘kgf". The absolute (ST) unit foﬂfﬁ.-"w as ‘N,

'.l—

'_!-

S.Continuum. Tﬂ: L%»lﬂwi oy l !

Continuum is said wobe w:ie]up

way that, there is n gﬂ.pﬁmk_aen:{ '
game at all the pcunh_-ﬁ 'i' ¥
6.Point force: Th-:‘q_mcepl ol p&ﬂﬂﬁ'ﬁéWﬂmaf o imagir Hﬂi“r'_,_h'ét‘&
the force is assumed 10 be acting at a point or overinfinity Sﬂ'lﬂﬂ?[rﬂle
T.Principle physsthM I]E}P@ IH:T.I;:I-{I‘Q' w uﬁ'hﬂdaes

are independent, in oty Wikt {98 of PRI P
influenced hWr&n of a;]}r mhe,r thr:e an the I:undv -
|'-._.- LM H‘ Il 4 ] :x ) || I::._ :_":.I [ r_.
& DINHIND TE€S . 1IN

A1z
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8.Principle of superposition of forees Net effect of forces applied in any
sequence on & body 15 given by the algebraic sum of eftect of individual forces
an the body.

9.Principle of !rm:missﬂhiily n& "i:ei i
on a rigid body can be chan @'ﬂgjﬁeﬂiﬂ'll e

maintaining the
same magnitude and dir whuwﬁ;%ﬂt affecting TI"I‘E“

the force on the

body. i“
Limitation ﬂfpnucw ?En!n:l:'.({{:an be
used enly for rigd ?wa Al l J

T

CAMBRIDGE

INSTITUTE OF TECHNOLOGY

@ N [\Uﬁ_’.' Notes. in

1BCIVI4/24
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Assumptions made in Engineering Mechanics

i} All bodies are rigid.
i} Particle concept can be uses] wherever  applicable
i} Principle of physical independence of forces is valid

iv) Principle of superposition of forces is valid.
1.1 Characteristics of a force

These are ones, which help in undmiaq@glat-}ml:é Lﬁnpgmfm representing a force and also
distinguishing one force from one | |=; ". | I
A force is a vector quantity. Ith kg’ pq?rﬁm ch

1) Magnitude It can be denoted as | J; ar 00 N—=
23 Point of application: It indicates | e b -Dd}'ﬂl :;hlm:h the force acts.
i) Line of action: The a.rrnwt.&qﬁ_ an'h senting the direction represents it
4) Direction: It is represented h}"ﬂ-ﬂ-ﬂl {
f—,=-

ctal‘ixj'r@ which can be listed as follows.

l;rli' 1] F”

Py
s v

yl‘fggure Eelﬂw
\, 7 :

| h F-__Il |
The characteristics nl'il‘ih Fﬁn‘ﬁ q'%{ilh Iﬁ? -ﬁ ) L\_;T[' Ik :

1) Magnitude is 10 M.

2) Point of application is AINSTITUTE OF TEC E'[H{:}LUGT
3) Line of action 15 A0 B or AB
4) Direction s hnﬁﬁmﬁi = [' ( By S o |
Ex 2 Consider a ia\ﬂﬂér AR re-r.tmL ﬂmﬂl ﬂml:ar :md EBEHIHEJEE,SFHE[ a waﬁ o u.-'l'tlu:d'l a person
weighing 750 N stands on the ladder at a point C on the ladder.

-_—_——m—
Department ot civil engineering. CiTech Page 1
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Wall
730N
Floor
\
7 F
I:I.-\. '\""-\.\_\_?;;-"'.‘- B -\-."'::""i_.-"' ""-'_
.l-.\_:.|||'llr - '.'-',_.___.
The charactenistics of the force actmyon; Ci—
1) Magnitude is 750 N_— = = 7 <
2) Poant of applicati ustf:- || | Sl
3)Line of action s C DM!' [:H =7 |
4) Direction is verically dowfiward. | b\ |le ':E:"'-

£ =

dealization or gssim ] L[ . i In applying I]Jﬁ'ﬂi:iplﬁiﬂrﬁf,tlﬂimnlﬁ to practical
bilems b 1 ndifidns 7 13
problems, a number of 1 o Jg ;t 1hrﬂ ass 5 “:1?:”3?’& l'x

1) A body consists pf cont! ugus di stribution of matter, | || ] LNy
2) The body considered is p yrigid, ,Ja‘ﬁlfﬂ_-" —hi ot
3) A particle has motsize. Vi —

4) A force acts through a very small points | fﬁﬁ"' ok 4

a = ——————
s Dependin %ﬁii relative positions, points of applications
and lines of actions, the Oﬂg‘; 5t 1'54?:# hfﬁlaﬁﬂﬁﬁﬁ}ﬂd&s

P W N ol 1

g AW AV AP I LN T

1) Collinear forces: 1t is a foree-gystenyin which alt the forogshave the same line of action

""""" T2 TR0 oo 15 | o oo ke df agtion
|- -::':__u Fi [ I_-I- 1 | FE_F,:I | .II-'-I. 1 ‘_'___.-__!- .::__.- | ||' A
: ""'..'\-_ - I-.--"I '_:'_—'l | | h ['..-" 5 .-_":-_--J: - I II ||
Ex.: Forces in a ropeii'a me'ef war, ¥, v TaET—.

o

2) Coplanar parallel forces: It s a force svstem, in which all the forces are lving in the same
plane and have parallel lines of action.
Y

L J

_—m—m—m—
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e e sy s -y
Ex.: The forces or loads and the support reactions in case of beams.

3) Coplanar Concurrent forces: Itis a force systemn, in which all the forces are lying in the

same plane and lines of action meet a single point

SRS VS ©

. 1O HE ;.
1.":.-' [y ﬁi’f‘;,
""g:. =, A | | |II "':' 5 I{".
Q f’*klﬁ\}f-J_'—_ﬂ_ﬂg L%
'""""""""""""Tl;ﬁ h"-.p_-_’d}
Ex.. The forces in the rope and pq].[l'n’:y -",';_'_.I
. ‘L-l;
4)C es: It is Fgm’f: stem, i ‘v}hu:hauﬂ' Elm"f'ﬁrcﬂs are lying in the
same p]ar.e bl hm:s 0 et @ in j%ml Lx
iTHf . : | ] 4N . I-’ l‘:f F\L
R ~ % . _\__..;]\
't.' ] -'If l: Jj | Il ""\\. [’*
H _y -.h. o | | I'., A u_l:ff jl:-_r g Ifl' &0
: I.i\. TI 1 A\ = Jr.-"l I% a'f-.' B
1 ] 7 y
E 7 Lo |[
1- = ﬂ]ll H\-JT 1_._4

Ex_: Forces on a ladder m;ﬁéhulmﬁ H%ﬁ%‘éﬂﬁ%er rests on a floor and

leans against awalL- s R, ©

5) Non- coplana i w ﬁ;ﬁﬁ |1'n|73h¢1-'l“aﬂ"tﬂe fqrnﬁ'afr: lying in the
BF e

different planes

Department ot civil engineering. CiTech Page 3
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Z
Ex: The forces acting and the reactions at the points of contact of bench with floorina
classroom

6) Non- coplanar concurrent forces It is a force system, in which all the forces are lyving in the

different planes and still have common point of action.

En wﬁuﬁ ak,t th& forces are lying

;:-.I"'._T ll[ I 'I,

£ e

Ex Fmﬂeqaclmg‘cmil_htﬂdmgﬁhuﬁ: | WWahad =X~
23 Fundamentuﬁ_,nwsﬁl Ml:cﬂhmi Ve | el

Fallowing are considered as the fundamental laws in Mechanies.
1) HNewton's I law

2)  MNewton's II law

i) Newton's I law

4)  Pnnaiple or Law of transmissibility of forces

5) Parallelogram law of forces.

1) Newiton®s 1 law: It states, “Every body continues in its state of rest or of uniform motion in a
straight line, unless it is compelled to do so by force acting on it.”
_—_—
Department ot civil engineering. CiTech Page 4
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This law helps in defining a force

2) Newton’s Il law: It states, “The rate of change of momentum 1s directly proportional to the
applied force and takes place in the direction of the impressed force.™

This law helps in defining a unit force as one which produces a unit acceleration in a bady of
unit mass, thus deriving the relationship F=m _a

3) Newton's TIT law: It states, “TFor every action there is an equal and opposite reaction.”™

The significance ol this law can be understood from the following figure,

Consider a body weighineg W resting on a plane. The body exerts a force W on the plane and in
tum the plane exerts an equal and opposite reaction on the body

5!

Meady

e

W= T i ghr o rhee by

B B—+ Psucrinn fis, phiste

In the example if the hcldy cons |:|El'ﬂd is defunnahi 3 fl"e:ct of the two forces on
the body are not the same wﬁéﬁi‘lbﬂarg ﬁtﬁ&l%& "Hj issibility. In the first case

the body tends w COmpress. and: in the mun;i case it tends to elongate. Thus principle of

transmissibility is not upplitaﬁt mdﬂ‘ﬂrinah hdﬁlﬁﬁiﬂ?&ﬂllﬁﬁh]: r‘ii bodies only
Resuliant Farce; = tt] f’ﬂ

Whenever a number of f'-::rn:es are a-:.urlg on & body, 1t is possible to find a single force, which can
produce the same effect as that produced by the given forces acting together. Such a single force
1% called as resultant force or resultant.

F F;
R -7
- -
-
- -
=]
Fa

Department ot civil engineering. CiTech Page 5
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In the above figure R can be called as the resultant of the given forces F,, F; and Fy

The process of determining the resultant force of a given force system 15 known as Composition
of forces.

The resultant force of a given force system can be determining by Graphical and Analytical
methods, In analytical methods two different principles namely: Parallelogram law of forces
and Mcthod of Resolution of forces are adopted.

Parallelogram law of forces: This Ism.I 5 a;:lpljcahle to determine the resultant of two coplanar
concurrent forces only. This law sta “i_‘ I‘m_:f iaf @ poinf are represenfed both in
magnitude and direction by the nm ;ﬁrgﬂfﬁﬂgmm then the resultant of the
two forces is represemted both in .!'Hde u.rrd'!.l'.'l Im;il ﬁ%e diagonal of the purallelogram

passing through the same

| Up (M
\ L 1 § 1 '.
'I. ; i' .|l '|I llI I_ Rl / 3 . II
o ._I'.:‘_': g [ e L .'_:I |

W A Fq:usﬂ

0

'\-_ ] )
r

Let Fy and Fz be two forces | ::mtmg at a point O f’m«fﬁ I:u: the: Ell'thC EII.'.‘I'l'-"LEH them. Let OA and OB
represent forces Fy and F réspectivély ;l{thf!.ﬂ! magn eaurﬁct; ton, The resultant R of FI
and Fz can be obtained Decompletiiga! p.aud.H#I@L; ith-YA ‘and OB-as the adjacent sides of

the parallelogram. The dl%?qﬁ%ﬁmpﬁ Wmﬁ?e resultant R both
magnitude and direction. g

- | |
- - % e '
i --._x. - L | o B =

s i o i [ S |

e LIYELS | | U o o U I 1l

From the figure OC = NOD® + CD et/ '
=(0A + ADY +CD’

= F; + F; cos8) + (F.sin 8 ¥

e R=AFl+F:i*+2 FL.Focosl —— ]

Let @ be the inclination of the resultant with the direction of the F1, then

Department ot civil engineering. CiTech Page 6
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F| + F;mm

Equation 1 gives the magnitude of the resultant and Equation 2 gives the direction of the
resultant

F-Jr dnt‘l‘erenwuiue:ﬁ ::-f " . We Can haw;- mﬁiﬂm cases such as foflows:

Case 1: When 8 = 90";

R=[F -F] .

=g N

Case 3 When@=0" o~
R=[F +F] {*Hjﬁ-\ﬂf‘ ]R :'JLH _L;Vﬁ I

INSTITUTE OF TECHNOLOGY

."._ | o 6 y ) 5
(“” Dia INoOoTes In
= UIYIINU I Ca. U

R r

a=0"

Department of civil engineering. CiTech
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Example Defermine the magnihude of the resultant of the oo forces of magnitude 12 N and 9 N
acting al @ painl if the angle befroeen the oo forces is 30°.
Solution: P=12N
D=9N
A=30

Resultant R = [P* + Q% + 2PQ cos 8

=,,ﬁuf+|5n’+:.:xu:umau
R=2029N
Qsin®
P+QcosB
- 8 sin 30
12 + 9005 30
tan a = 0.2273
o= 1281,
"
Example Find the nagnitude of oo equal forces acting af a peint with an angle of 60° betwern
thems, if the resultant is equal to 303 N,
Solulion: F=0=F
R = 3043

6 = 60°
R= 6+ +2RF cos @
3043 = 277 + 2F cos 80
= F,J3(1 + cos 60)

lan e =

E

3043
F=
3
F=30N.
._,..__—q_-. c I f B . -
K":i*—' } 0, g [' I Te € 1N
o= U._ o | W | Pl il .|

Example The nesulfant :ﬂwﬁﬂm when they act af right angles & 10 N. Wihereas when ey act
at an angle of 60° the resultant is JT145 . Determine the muagnibude of the forces.

Solution:
Case (i) R=10N when B = 90°
Case(ii) R=+148 0 = 60°
We know

RI.J.F‘I +E:+1Fﬂ-mﬂ
when i =¥°

-_—_——m—
Department ot civil engineering. CiTech Page 8
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R“ F]_I_QI

m-Jth*
108= P2y Q2
100 = ¢ + QF

when A= 60"

V138 = P? + Q7 + 2PQ cus 60

=yP'+Q' +2PQ(0.5)
148= P+ P+ PO

From {1}
148 = 100 + Q)
PQ =48
2PQ) =96
Adding (i) and (itf)
100+ 96 = P2 + % + 2P0
196 = (P + Q)
P+Q=419%
P w14
P=14-0Q
From (iif}
Q(14-Q)=%
28Q -20¢F = 9%
F-280+9% =0
Q=140 +48=0
— bt Jb* —dac
ﬂ=~——r
=, be=14,c= 48

414 £ J1- 14)" — 4 % (1) (48)
21

Q

14+J3
= i

1442
.

Department ot civil engineering. CiTech
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ﬂi- T_=? =hN

From {iv)

P=14-0
FIIH-BH&
Py=14-6=8

CAMBRIDGE

INSTITUTE OF TECHNOLOGY
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Composition of forces by method of Resolution

Introduction

If two or maore forces are acting in a single plane and passing through a single point , such a force

system 18 known as a

F:

A ¥
|

| s
coplanar concurrent foree system -

Let F1, F2, F3, F4 mw@ ﬂﬁu_pl E&pﬁﬁk&?ﬁf@@fﬂﬁa ?ML"—F ﬁuirﬁ! to determine the
resultant of this force system.

INSTITUTE OF TECHNOLOGY

It can be done by ﬁ%m}ﬂng ar spl':ttml_g. ft:fd:jnrw iml? its ﬂcl:npmv:ntn_fnm:s in cach
direction are then-flgazhsmllﬁ adiled o ?q_ﬂm 5 IF“}[“ &ﬁw »ﬁ’r‘ceﬂl r:..___lll

These two sums are then cﬁl"iiﬁirné's :El.hlg pa:‘a]lélbgrm'f; law m&'gétﬁlﬁ‘e fﬁﬁﬁltgnt'“nf the force
SVSIEmS.

Tn the ¥fig, let f,, fxa, £y, fi, be the components of Fx,, Fx,, Fx,, Fx, be the forces in the X-

direction.

Let 3 Fx be the algebraic sum of component forces in an x-direction
¥ Fx = Fxy+ gt fxat fxg

Similarly,

-_—_——m—
Department ot civil engineering. CiTech Page 11
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L Fy = fyyt Tyt fyat fy,

By parallelogram law,

L Fy

The magnitude o5 the resullant 15 3 “"L“E / ko

RANEFRPRER §
The direction of resultant can be : _ . 1y the resultant with x direction is

determined here, fi:*

gy
l:l:llm/{'ﬁ)'ﬁj f [

7o
: J:wnag am{lherefcrre as follows.
' Llfu:!" \%:11 g in the x- direction
/1

: *&M Mnmwm s

a=tn"(ETITUTE OF TECHNOLOGY

: . = . = & B a <
.,.Eﬂﬂ ﬂﬂ?gmm@;-w I s W - |_h == —
5 -_:-"'-l_l i N -\-\""\-.I'-I ” '.-'-J"__-I\."l | I -\"-:‘ | | o e ..-_-‘.-I' ‘:_:-_\.I | ” rlu'"'-lll
!

TVe

Department of civil engineering. CiTech Page 12
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Determine the magnitude & direction of the resuliant of the coplanar concurrent force sysiem
shown in fisure below.

Go Paperless - Save The Earth

igiNotes

Let R be the given resultant force system
Let o be the angle made by the resultant with x- direction.
The magnmitude of the resultant 15 gven as

R=\ZFRF AEFY) and a=tan'( 320

@D
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Flements of Civil Engineering and Engneening Mechanics 1RCIVI4/24

¥ Fx =200cos 30"- T5cos70"-100cos45" + 150c0s 35"
¥ Fx=199.7N

¥ Fy = 200sin 30"+ 75sin70"-100sin45" - 150sin 35"
YFy=1372N

R= (¥, Fx)’ HX Fy)’
R=200.21N

= 1, EFv
a IanlE!:}

a=tan'(13 .72/ 199.72) = 3.93"

Go Paperless - Sayve The Earth
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Let R be the given resultant force system
Let o be the angle made by the resultant with x- direction
The magnitude of the resultant is given as

R=AQ Fx) HZ Fy)’ and a=tan’(22)

Department of civil engineering. CiTech Page 14
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¥ Fx = 700cos 40°- 500cos70°-800cos60" + 200cos 26 56"
¥ Fx=144.11 kN

¥ Fy = 700sin 40"+ 500sin70°-800sin60” - 200sin 26.56"
¥ Fy=137.55kN

R="(Z Fxy' HL Fy)’
R=19921N

E:Et 'Qib
= tan’ (137,557 144,11 = 43, ﬁt@‘g L";\_I'_L

Dl [
|
I |

'

Let R be the given resultant force system

Department of civil engineering. CiTech Page 15
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Let i be the angle made by the resultant with x- direction
The magnitude of the resultant is given as
R=‘EE:FiIi"-HE:Fj.'}! and o= tan E::}

<= ¥ Fx=800cos 35" 100cos70"+ 500cos60" + 0

E T Fx=109548 N
W 5 py=800sin 35"+ 100sin70%+ 500sin60" - 600

&£ Try=1108N < TOTHE,

I._ %ﬁb 1;_"-. I Ilr--..ll:II i ‘?;_-':_.

e L LS A
S RATE TR TQILL D %
1?1 Re= 1101.08 N &g Yt
et N e

|I:‘ a=tan { .=-I- A — '._-é -

@  a-un {ltwwmgua}&?ﬁ" | r—*p L M &\
— =\, 9 A { ITH F'F f

o T YA e aﬂ" ] N
E- 4. The Magnitude anﬂ,dﬁrﬂu the remham the re érﬁﬂ]e mul‘a::far concurrent force
oo i N ' || rﬁ“m

= w‘“ = | | A | | ﬂ f | r‘-\\ [~
LU

i = ok LI K A It .--' e
. g AR S Lo '
_ |: 2\ ,ﬁf., e, = _

Let R be the given resultant lorce system

-_—_——m—
Department ot civil engineering. CiTech Page 16



Flements of Civil Engineering and Engneening Mechanics 1RCIVI4/24

Let &2 be the angle made by the resultant with x- direction
The magnitude of the resultant is given as

igiNotes

@D

R=\(ZFX] FLFy) and o= tan' (22
4= ¥ Fx=20cos 60"- 52c0s30"+ 60cos60” + 10
E ¥ Fx=7.404 kN
w EFF=2ﬂsﬁmﬂJ*+SEsinzu”-ﬁ&qan&u“+n
o \,I |—} ~f,,
E R= (¥ Fx)’ HE Fy) (.‘1 :5 L] .'_,. E_' </
1)) Re= 11379 N " N
91111
I a=tan EEi’ | | S yiw |‘I=1
- [Hi | - m =i f;“—h\".l
= / . LISNe7 /
-ﬁ o | i — !h_"u_rj ﬁ_lil:‘ 1‘
S f’mwlhﬂﬂlﬂ coplanar
& "
|I f"‘g‘\' h,
o OGS
D = S

IN STIT[_TTE OF TEC E-[HC}LGGY

i r‘x - = =
d-'|_” L1 "-.\II -‘____"\-\. . I""".::l' T '_I_hlﬂ':II. I"_\_:-El.-l | Ir,—.'.l
8= tan”'(1 /2) = :&6,5} L |' QliNOTeés. ] [f |

By= 53.13 =
Let R be the given resultant force system
Leta be the angle made by the resultant with x- direction
The magnitude of the resultant is given as

R=NZFHAZFY) and a=ten'( 220

¥ Fx = 200cos 26.57"- 400cas53.13"- 50cos60” + 100c0s 50”

Department of civil engineering. CiTech Page 17
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Y Fx=-21 844 kN
¥ Fy =200 sin 26.57"+ 400sin33.13"- $0sin60" -100 sin 50"

¥ Fy=289552 kN
R="(Y. Fx)' H{¥ Fy)*

R=290374 N

a=tan'(£2)

= ¥ 10 IH,E
a=tan '(289.552 /21.844) = -85.68 .{, o |—] ,H
> &3 oy u ’%—.

.e‘"“wf . G

6 A hook is acted upon by 3 forces ¢ sheil _..- resultant foree on the
o @ £ Mk
.Y | o (Y
U Y ) ;jj_
. ERTNY A
remsnnguemrt A B RILD G E

The magnitude of lile re%ﬂswlﬁ PF TECHNOLOGY

a;:lm;ﬁ F&\%} 22 ,:: o & r ~|
—F':!"I L I'~:I'_,_—,_-‘,| | - E‘I;' i oo -.:—_:'_." o i] il

S Fx =80 cos 25"+ S0cas$0%+ 10cos 45°
Y Fx=111.71 kN

¥ Fy = B0 sin 25"+ 50sin 50" 10cos 45
¥ Fy=65.04 kN

R=VE Fx)' X Fy)’
R=12026M

Department of civil engineering. CiTech Page 18
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- 1 Ei
a lnu{zl:}

a=tan (6504 /111.71) = 30.20

Go Paperless - Save The Earth
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Let B be the given resultant force system
Letuhethemglem&iehyﬁwmmﬂt&m“rfﬂu ?:re::tmn

10

InA¥ AQC - ~ &7
Cos 60°= AC/ 6 ‘:‘ HE\J’_L ?::’
AC = 6eass0” \/x
AC =3 m, BC= 6m / "mﬁ_th\,é
InA* AQC = : I'L"I".; =
Sinﬁﬂn‘ﬂﬂ:": \# Z‘} p - "\1 I R\:Ei “':
OC = Geinél Q) | Il i Sﬁll
= 5.196m Sx /; | )
m.n* OBC, ;f | ‘ ??.¥(
i |
Iﬁ.

0= tan I{GC-"B{'} IL:{ H"‘-II—- L}é\l H:I:-rjj /ar
= tan™'{(5.19 /6 o b :

¥ Fx =800 - ﬁﬁﬂzﬁ \—\%/ g
¥ Fx=34641 N = *r'“

srveo.comasi AM B RID G

¥ Fy=- 39276 kN INSTITUTE OF TECHHDLGC_TY

~=7=@DigiNo

;1'3’“_":' “ﬂl

R=5237N N

a=tan’( £2F)

IFx
a=1an {*392-?5 f34041)=48.58

Maote:

Department of civil engineering. CiTech Page 19
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From the above two figures, we can write

Y Fx=Rcosa
i.e The algebraic sum of all horizontal component forces is equal 1o the horizontal component of
the resultant.
Y Fy=Rsina
1.e The algebraic sum of all vertical component forces is equal to the vertical component of the
resultant.

510 THE ;.
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8. Two forces of magmtude Q{H}H%}%}H\aﬁb bcnilg al,'.-’a purg..as. shown in fig below, Determine
the magnitude & Direction t}!'lhl% uﬁk{l\ﬂyﬂ"%ﬂl 1L?¢'cwlmnt of all the three forces

h 0 1) tude of DM, ki in o
o8 o mage making a8 gl Ty showg—
e AT _@1 with x- xis a5 shown

Let Fs 'hethzreq'tnrcdﬂurdunh:{m
rﬂll.j | \_‘r lt(ﬁ

F=? 8=7 %y H

We know that

Reosa=% Fx Ij\‘ HI"H |

1000cas 45" = S00co ﬂﬂﬂcw:
F;m&;--IIEPJ@&l MHJL UL 2/ N\

Rsina=} Fy _—__ ‘-\\ ﬁﬁr I%i

1000 45"—iuugin_1£f'+1muan 60"+WP £
Fysin@y=-40801N

pividing the Eauation Gty ¢b. [V [ ]E‘«:Lrﬁﬂg‘{ GE

i.e. Fa sin 85/ F3 cos 8= -40BN FI3NYE OF TECHNOLOGY

Tan ;= 1.810 == po s B @ : -
1‘:|| E“Q‘u.l Y.30." P i"!:' =n 0 0 MR
~wosk@ DIQINOTES. IN
- 61.08 o=
From (1)

Ficos 8;=-225 906N
F3 ==2239006/cos 6] 08 =467 14 N
Here ; we have —ve values from both F; cos 8 and Fs sin 0: { X & Y components of force F3 ).

Thus the cumrent direction for force F3 1s represented as follows

-_—_——m—
Department of civil engineering. CiTech Page 20
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9 Two forces of magmitude SOON and 100N are acting at a point as shown in fig below
Determine the maenitude & direction of a 3™ unknown force such that the resultant of all the

Let Fy be a required third anknown force making an angle 8 with the x- axis to satsfy the oiven
condition.

L.ct us assume F to act as shown i fig,

We known thal L__}“ T ”::f- ;ff
Reosa=% Fx —a 7 ‘?r'*
-1000cos 45" = 500c0s 30" mﬂ&s@ &\mﬂ&a-‘ L) /
:q__"“‘h-‘-’

F, cos 8y=-1190.110N [-__'}f’ ﬂTﬂT m‘p
Rsina=% Fy —— _-;
1000sin 45" = S00sin 30°FT00sin 0% Frsing. | ||| &

?/)I siswll Lx

gy p g i (Q
Dividing the Equ ) by {1'(_]-”] ' r I\
JanquFRmsép—}M _a__. 19 ”"]\ [
Tan@:=03113 ¢ /"L _Ibé\' " k“[,” &

1

1
| e b ""w._ i j\;':'_f'_'-ﬂ_—.rr'f LT
oruntoaund T 0 A\ p .
—1729 N\ '%*ﬁh,“_fff £ 4
From (2) —— 5

v ) S nr
F1 sin 63~ 370.50N “-f A -u:-;’g IE |U’_H i) D !
Fy = 370 50/sin 17.29 [:Iﬁﬁﬂ'ﬂ TLITE OF TECE INOLOGY

igiNotes
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T

f—— . [+ & n . -

e IT,_MH N = 0 | R o ] = =2 n bR

D DigiNotes.in

e W UG Ul W || ©de ! ‘A
__

-_—_——m—
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COMPOSITION OF COPLANAR NONCONCURRENT FORCE
SYSTEM

It two or more forces are acting in a single plane, but not passing through the single point, such a
force system is known as coplanar non concurrent force system.

Moment of Force:
It is defined as the rotational effect can h}' h}f&'ﬁ body Mathematically Moment is

defined as the product of the magm@ :'.hn;- ﬁ:r]'l?';‘ )érpa'ldmu]ar distance of the point from
the line of action of the force f'mnt%?"ﬁmm \J L {‘P‘F‘

.-.- . p [.-' -.:F-_ "‘~.I
UG A ) : =7 | =~
MY, ! . WA
R N
! | I i
Let * F"” be a force uaﬂm:l Djhgp’gmuﬂ&bcih samge plane. Let “d ™ be
the perpendicular dis i n int *ﬁﬁr,‘ Thus the
moment of the {prum "D“' : e
'._ .:b_ —."'
Mo=F x d - Q“ *‘.ﬁ" —

Moment or rotational et nf'.{ﬁffnr#&j'sl.a ]} 51 ’-l ntity ntdh 'H'uz units for force and
distance. Henee Iheumcéuﬁ PRt catt B tz‘ ’;:-Er H[':[‘Tﬂ%*ﬂt

INSTITUTE 'DF TECEH [HDLGLJY
The moment produced by aforce about d].ﬁ'p'cnms pmnts ma plﬂm: is different. This can be
understood from ﬂfﬁﬁ[lﬁmngﬁ g a N lacdea@ 3 pA

“‘-‘.-'
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Let “ F" be a force in a plane and O, 0., and O, be different points in the same plane
Let moment of the force * T about point 0 is Mao,

Moy= F x d,

Let moment of the force ™ F° about point O;is Mo,

MD;= Fx Elg

L.et moment of the force * F* about point O, is Mo,
Mo—O0x F
The given force produces a clockwise m::uu@yw%ﬁmt 01 and anticlockwise moment aboul

(3} . A clockwise moment { \iq?;d an anticlockwise moment
i @} is treated as negative. %{ﬁ "J ":;;-'
\ |_| I
Maote, The points 0y, O, O about 'blulh__l :_"y blc mnmunti%é{algq{fmd can also be called as
momeant centre. < -
11111 Flim e
Couple L___lﬁ : b ';

L1 | 1l
Two forces of same mtgmtuEE SEpe by ;’&Eﬂﬁ'ﬁ; distange, 'Fﬂ.{.ﬁﬂ)]:mﬂ[ﬁ]y} in appposite
direction are said qugﬁu‘::{ﬁ_ al {
A couple has a tend x4 Tﬁn"bi?mn Hm‘-b‘tl#\r As such the
|

moment duetoac 15 alsa ; L | =
Let us consider a point O twhich 1s-Fet Sibethe d:ﬁh)b-e sq:amtmg the couple

Let dl & d2 be the er}rrﬂ‘lmﬂnr dlg i Edﬂfj" IE-II.*:lln pE"lJ;e Eh‘-l' iqu-ln the paint o.

h o L -
Thues the magmlm{.::&hn mam::m due h‘-{l‘te cuupltz is given & SI_";IJ
Mo=(Fxdl )+ (Fxd2 . S /

%““—*‘ * ——
Mo=Fxd
i.e The magnimde uf'afhrme ﬂuqin;fq Bl uﬂh ru:l-iiu?l ﬁ?rcﬂ-‘tmstltunng the couple
& the distance separatmgﬁ & Hence e‘uni‘ﬁ r‘rﬂ'}i'gmmﬂ% of i couple can be N m, kN
m . N mm etc. INSTITUTE OF TECHNOLOGY

"'*'_"-L"‘-. o - & B = £ e
T AIRY W I =5 :

[ | ) P & '| 1
Varignon's Prrﬂﬂplrlﬁfmdﬂim}ﬂll YUY | ©D U1 |
It a number of coplanar forees are acting simultaneously on a paricle, the algebraic sum of the
moments of all the forces about any point is equal 1o the moment of their resultant force about
the same point,
PRODF:
For example, consider only two forces Fiand Fz represented in magmitude and direction by AB
and AC as shown in figure below

Let O be the point, about which the moments are taken. Construct the parallelogram
ABCD and complete the construction as shown in fig.

-_—_——m—
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By the parallelogram law of forces, the diagonal AD represents, in magmitude and
Drirection. the resultant of two forces Fiand Fa, let R be the resultant force.

By geometrical representation of moments

the moment of force about 0=2 Arca of trangle AOD

the moment OF force about 0=2 Area of triangle AOC

the moment of force about =2 Area of triangle AQD

But,

Area of tnangle AOD=Areq of triangle AQC + Area of tnangle ACD

Also, Area of riangle ACD=Area of triangle ADB-Area of triangle AOB

Area of mmangle AOD=Area of triangle M]q: ﬁ-ﬂcw mangle AQB
Gy —

Mu]npl'_-,rmg throughout by 2, we \'!}1 \ '. I f £

2 Area of triangle AOD =2 Area ﬁa@eﬁma Area ui'm%sc AOB

ie, Moment of force B about l.'.I—M:.anPt’uf f'nrr_-l: Fi ﬁf‘ruq{ﬂ oment of force F2

Ehﬂul O

Similarly, this principle can be

e~ ir.-":;.-,

[E]

By using the pnnciples n’f'n..h-rgbtl Feomp sitiotde moment| it 1% hIHE te determine
Analytically the resultant fot Uup!‘aﬂjaf nmi"ﬁ:’-mm ff?;mﬁ}:fﬁ?:s* '

The procedure is as followsf NSTITUTE OF TECHNOLOGY

I Select a Suitablé L rﬂsfan Syst far the giv prghl-di'm o 0 n P
2. Resolve the luréé;jlﬁﬁ-fhﬁ Cﬁ:ﬂfﬂﬂrqﬁdﬁg qﬂ jl: | &, = | i |

3. Compute 5 fixi and $fyi =

4. Compute the moments nl‘:'ﬁﬂlved com ponents about any point taken as the moment
Centre 0. Hence find ¥ MO

4 -

I

. & |
& = lan

| 21y , . t

i

e N
R 1|||[Hh‘.]

-_—_——m—
Department ot civil engineering. CiTech Page 24



Go Paperless - Save The Earth

@DigiNotes

Elements of Civil Engineering and Enmneenng Mechanics 1BCTV14/24

M,

5. Compule moment arm o, = e

6. Also compute x- intercept as r__IfE%I

_ |z M,
7. And Y intercepi<s|s

CAMBRIDGE

INSTITUTE OF TECHNOLOGY

@DigiNotes.in

Department of civil engineering. CiTech Page 25



Go Paperless - Save The Earth

igiNotes

@D

Flements of Civil Engineering and Engneening Mechanics

3.53.1.Problems

1RCIV14/24

Example I: Compute the resuliant for the system of forces shown in Fig 2 and hence compute

the Eqguilibriant.

Ejh =448 32 eos 60°
=288 KN

Ejh = &~ 144 - 32 =in 60¢

I3 ke

&
Cmd)

=-34 11 KN
RE=44n KN
Etn-l.‘:LHT
._:,'+EH"-—[-t.-ithJ—Hu:usfﬂ't-lj—Hsinfﬂ"iJ]
=—6 MENM
62.34
= =] 346
YT "
6234
= — =877
K EYRT 1 m
o
Yo = iﬂ? =2.164 m
-l Fe L
a4}
Py \
@2 7m
iy 20)  Examplat ciadhl &

_fg-z Ezamplat

{ne)

1
[FRF ¥ ¥

T
Page 26
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Example 2: Find the Equilibriant for the rigid bar shown in Fig 3 when it is subjected o forces.

nt S30kN ”f 54‘1:1:-;

-w.ﬂ im £ Zm

fiy+3 Eovample 2
ot Lk
1 _1 G+ 3 M, =431} +172(2) - 34414)
— S = ’ = 1462 KNM
L Eim
Ersydlint Eyuilibniant
iy 30 Emgmply 7

r’-—* & IM\\ /{IHI S

*  Resultant and Equilibriant

BTHD’*‘W

2.5, =0 OF TECHNOLOGY
Y f, =—SI6KN ¢ ¢

[, = .-'..'-"‘l
ﬂknﬂﬂ"': ,! H‘::‘W|L_H__,;, II:'-IIII ,-J ”[Ilqll

-_—_——m—
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Example 3: A bar AB of length 3.6 m and of negligible weight 15 acted upon by a vertical force
F1 = 336kN aml a horizontal force FX = 168KN shown in Fig 4. The ends of the bar are in
contact with @ smooth vertical wall and smooth incline. Find the equilibrium position of the bar
by computing the angle 8,

_09
ana-097,
a=3647
v = f
— -fh =0 HJ\\ g I'I
H —F,— R, cos53.13" =0.....l) )
T o de
R,sin53.13°~F, =0 R
S,
R, = 420KN; 't“*a.t.:- /
R
il R 1
M E,|_'|_ 1 [:i'I'ES HA=410 KN Ay 4 Cmerple

g +E M =0

—H (365in#)+ 33602 lcos - 168 (1. 25 &) =0
-1310.45in & + TO5, Geosd = 1)

lan #=(.538

&=12813

IN BTIT[_TTE 'DF TECHNOLOGY

I (] ¥
10N 5N ™ P, I|: _"|.-"I' ” 'II':'n
N g 1YUIK 2S.1N
S i
3
___.ﬁ-_-ﬂr"l u_
14148 W
1 2N
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YFx = Scos307 + 10cos60” + 14 14c0s45”
= 19.33N

¥ Fy = 55in30"- 10sin60" + 14.145in45"
= -16.16N

R ="(EFx’ + YFy’) = 252N

8= Tan'(¥Fy/ ¥Fx)
8= Tan'{16.16/19.33) = 30 80"

|I |l F 1
D G =) rfl_ .-":}-.
II r:II |l'*
| ._-" N -""r
\ _I_""{“;f"r 7 f"
¥y .,
19.33N W h
-
A x B B \\ 8 -
16.16N = s &

Tracing moments ni‘ﬁrm &MI,H'L\Q pI}L_E‘El ' uw we get

+16.16X = 20x4 ijﬂlﬂﬂﬂ.a-ﬁ.smjﬂﬂ 1: 10 + 'Il:lu.

x=1ﬂ?.99ﬂ]ﬁ-]ﬁ=ﬁ33m. m;aﬁ e —

—

Also tan30 89 = v/6 83 (| A LR T I)C IR
}I 5. SREM. | JLIII' nyll.l ]h -..:I-.I. |1 "-x"‘_-—_Tl- Lt
INSTITUTE OF TECHNOLOGY
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3. The system of ﬁ;ﬂeﬁ Imt.i n‘gg:nn a mmk 15 B-hpﬁ J.T.l fgin:ej;ﬂhaw ﬂatemrq,qdhe magnitude |
direction mdﬂte:'ﬁnt,;ff ﬁpph‘:at_n:ﬁlﬂﬁﬂ:ﬁemsnl mjhma ) o U 1 U

-_—_——m—
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[
-

[
150mm ' 150 mm 150 Coss0"=75mm

¥ Fx = 500cos60" = 700

= 450N O[] 1~ Y2
":&- . N I'- {F A .-""_,..-
EF}"= Sﬂ'ﬂﬁiﬂﬂ]ﬂ ..:!:-. "-,_ o Bl {- Y. N ..P
e 5 y -"."' T e F 1':"?:
—J—E-E:.LH i_, g “
R= EF13+ZF>F}={-¢50)3+1::145H . o
R = 267.19N (Magnitude) = ,-fﬂ"i!ﬂ_. ]FI’Ih-. —
— |._;'l _—
E FK = /.r '.I
& ! I r=
é 2 NCL
.l_:l Il".':.l!
y |
R T Py \
== | _ -
o-Ta'GR/EERD S\ |/ A
0 = Tan"'(2633/430) "fgx S A /
B = §0.30" {D:rﬁ.‘:l:@_ ] '%q_“",_'_-:"_{;ﬁ ==

Tracing moments of fn:ﬁEQh?g_ﬂiqyl.ﬂ.p}ﬁjung #ﬂr&'tmh}lmclqle‘f%k moments

we get
INSTITUTE OF TELHGI‘\[DJ.D(.JY
-2633x% x= -50Hx smﬁnﬂ '.-uc313ﬂ—lﬂ-|']{h;]5ll}l tlﬂﬂxtﬁﬁmﬁﬂ 'J'{I-Lh{E{Hlslnﬁ-I]

X ==-3T1769.15/- .3" = L || =n e
il

igiNatres

@D

x= 141 20mm frok ﬂhmf,rds,l&ft{lpnﬁtw]h k_ l _. || | 1

4 For the svetem of parallel forces shown below, determine the magnitude of the resultant
and also it sifton from A .

-_—_——m—
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00N 200N SON 400N

. ' SN, 5

A[m Blﬁm € "

Im
:E < >
S X
(1N
YFy=+100 -200 -30 +400 .
£ Soson %10 'HE ;.
e R=xFy=250N(} R 0 i 92,
eh i s
$  SicerrFx=o0 ® {H\;}'JJ"%J ? %
N &y (e
o T i
| Taking moments of forces about A and applying vangnor Ecipla of moments
W 250x=-400x 35+ w:queg 200% [=1ooxp— [I]] _=
@ X-—-1075/ 250 - 41.:1 1} ﬂl B l A ‘; ':
] f?}ﬁ, . r I}”ﬂ
§ ) I
E 5. The three like para}ir:l Eﬂiil \ acting 4s sh 4‘ul wre below. 1f the
resultant R=600 N I{g m.iE s of m ﬁnd de of force F and
"-E position of F with &cl mL A / —',%f |
.55'?- A .
|::w ; ﬁ?;m ff - 7
: ™ 7T
A{‘iqm L }:{C 5o :I-[_lhsi-:‘}lf-:ﬂ_-__ .I_l'.q_‘l
- @ CHNOLOGY
x |
I Letx be the distancé fram A tadhe point ufw n s
& ferer- }:Fgfmt; L JJIPF FWFFW .L[rll
E H00=100+F+300
F=200NM

igi

@D

Taking moments of forces about A and applying varignon's principle of moments,
We get

600x45=300x7+Fx

200x=600x45-300x7

X = 6007208 = 3m from A

-_—_——m—
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6. A bheam 15 subjected to forces as shown in the figure given below. Find the magnitude,

direction and the position of the resultant force.

I0kN  5kN

17kN  10kN JOKN
(]
VA

4+ 1
i S

A “ E!rH‘{ > C {—a -—

2m im Im
Given tan 8= 15/8 sin 0 =15/ 17 cos 8 = &/
tanm= 3/4 sin a = 3/5 cos & = 4/5 1?” THE ;.

e [
TFx=4+5cosa—17cos® oo O\ | [ [7 7%
4+ 5% 4517 x 81T »5"“<\>\u7' [ 5%

L

Y Fx=0 &w}, A
¥ Fy=5sina-10+ 20— 10 + 17sin 7 Iyt
+5 % 3510+ zﬂfgy 173 =
sey=isanG M. &)
Resultant force R I NP, N7
esultant force F - r :
R= & ] p\( @\
I:- e [~ i
rﬁ“-.
] | ,:4\
Let x = distance fn::m to tt&&gmm . r__,-' IJ 7
=¥ =
Taking moments qﬁﬁ'ﬁ.ﬁﬂiﬂg _ﬂnl:l 's theorem of ™
mioments 4

Al x=-Sxginoax 8FH%T x5+ 10x2

x=-34ff}ifﬂ=i_t:9§ﬁ$£‘5ﬂ%ﬂ'tﬁ T]i H D G LE

igiNotes

@D

INALLEUN]
SR

oo '“C_"-,I ||'| _III.-_;_:II'-. [| | A ﬂ,.l I|:.-"_.I_|- .-.-|_| r]ﬁ,lll
I:_.-'IUI“L:-". Q‘\ -H_.r' i7 "-_"-’-"“"" o ! ¥
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Example Three forces of magnitude 30 kN, 10 kN and 15 kN are acting at a peint O. The angles
made by 30 kN force, 10N force and 15 kN force with x-axis are 60°, 120° and 240° respectively.

Determine the magnitude and dircction of the nesultant force.

.
10 kM S0k
X+ oLt = . X
i
15kN v
i
FBD
Solution: ¥H = -30cos &0 + 10 cos 60 + 15 cos 60
==F5 kN
EV = =30 sin 60 = 10 sin 60 + 15 sin 60
=-2165kN _
R= J(EH) +(EV) = J-2.57 + 2165 A\
=21.79 kN ” , _[' l\
LV -2165 . ~._.*J
m“""ﬁ- --1.5 33“41

Example Aweight of 800 N s sispended by two chains as shown I'nﬁgun:. Ddrmmr the tensions
in each chin,

F.B.0.

Solution: IH=0
~T,cos 20+ T, cos 7O =10
T, cos 70 = T, cos 20
r. o Ticos70
* cos 20
T, =T, {0.364) vl

-_—_——m—
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Iv=0
T, sin20 + T, sin 70 = B0O
sin 20 T, (0.364) = T, sin 70 = 800
13T, =800
T, =751 N
From (i}
T, = 751.75 (0.364)

T, = 27364 N.

_— \THE -
'-."':""b w2l = oy ff.?"}
Example Anclectric light fixture weigling 20 N hangs frome o point C, by toe strings AC aml
BC. AC is inclined at 60° to the horizontal ond BC nt 30° to the vertical as showm i Fig. Determine the

forces m the strings AC and BC.

A

F.B.D0,

Solution: YH=0
-T=iin.'!l.‘r+ 'l"I cos bl = 0
Ty sn 30 =T, cos 60

cos bl
Tye Ty ——
1 5in 30
0.5
= Lh=Tos
e Il 3 =T &9 | r_'
N L V=0 o U

Ty 0530 + T, sin 60 = 20
T, cos 30 + T, sin 60 = 20
LT, =20

T, » L = ILS7N
17
T,=T,= 147N

-_—_——m—
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Example Tio foras of magnitude 13 N and 12 N are acting at a point. If the angle betsween the
tuw forces i 60°, determine the resultant of the fores in magnitude and dircction.
Solution: P=15N
Q=1IN
0 = 60"

Resullant = R= 1157 +(12)% + 2 15 % 12 % cos 60
= 2343 N

Direction = lan x =

"Bilesd
= 0495
= 2631,
¥ - "_""f?- —_— |"=-I -—_-

i — [

TS ANTT7 A N -
Example Fmr_,ﬁ:ms:gl"mdgmfmlrFJF.! 3F3H4me:uga!upﬁulﬂ' The angles made

by these forces with x-axis are 0P, 807, 150° and HN° respectively, Find the magnitude and direction of the
resultant force.

afar 2p
60

. 4

o P

4p
-~ " 1 e - =41 I =
&IIgINOTes _1n
o = w I-T-ll [ e - _.--h :'l o = II !

-_—_——m—
Department ot civil engineering. CiTech Page 35



Go Paperless - Save The Earth

igiNotes

@D

Flements of Civil Engineering and Engneening Mechanics 1RCIVI4/24

Solution: TH =-P-2P cos 60+ 343 Pcos30-4P cos 60

z.q.g-n.sp
TV = ~2P sin 60 - 343 Psin 30 + 4P sin 60° T
= =87 P i .._‘:!I'
R= PJi0.57 + (= 0.87)°
]I.-FH - - -
i T L
SV -0.87
ﬁ:——--‘-'-—-“-'-=1
TH 0.5
' w0 ¢
o= 180- 60 = 120
e TN I
o e e =
. = —— = =
P —% rl-ﬂﬂ | K | | AN

Example Four forces of magmitude 20N, .!-uH.mHnndm Nare m‘mg. respeciiely along four
sides af a square laken in order. Determine the magritude, direction and position of the resultant force.

&JOMN

a0 M C

A = 20 M

20N
Solution: FH=M-40=-20
IV=30-50=-20

R = yt-20)% + (- 20)*
R=1818 N

-_—_——m—
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Chrection of the resuliant
TV =2
tan —_— i —
A TR
lan =1
@ =45"

Position of the resultant force :

The position of the resultant force i eblained by equating the clockwise moments and
anticlockwise moment about A.

PR A N R 0P =
Lot x = perpendicular distance between A and line of action of the resultant foree
a = side of the square ABCD
Taking moments about A
=50 % 0=20 x 0=30 x g =40 = a = K = Perpendicular distance of £ from A

L N =30a-40a=2828 w1 4 '_~| II'
_'i"—. =a=28.28x=x — .
N . a —

— 78_7R —

| x=— 247 {anticlockwise), ._[;‘
{:k o N HR 0w N L NCH B

INSTITUTE OF TECHNOLOGY

g, [, (] & B A O

& 1 | = n % o S s e

'.'I.“"r‘—" | }j |” i} [| N [ n U e & = 1 r‘ I|

b L_:'-" ul II-:-".|| i b ﬁ'_':-l 1 Vo = g L |,.|I 1
il

-_—_——m—
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Example A Frinngle ABC has s sides AR = 40 menr adomg positive x-axis amnid side BC = 30 nim
alimag positioe y-axis. Theee forces of 40 AN, SOEN and 30 EN act alang the sides AB. BC and CA respectioeli
Dreterominge the resultant of such o systemn of forces.

& SN

=t . 20 kN
g ——
30 K
Solution:

From figuie tmﬂrﬁ-ﬂ.?‘i

0= tan~' 0.75
A=1R" 87
TH=40=30 cos B
= 40 = 30 cos 36787
TH=16kN
2l IVaeSD-Wsinb LS
= 50— sin 36°. 57" » 30 '
IV=32kN

( R=JEH +(EV) = Juey +(32)° |‘
| R =3578 kN, I

Example  The four copliamar forces nne acting at o point o shoton i frgune. Determine the resultarnt
annd direetion of Hre resultant,

Enlubion: FH = 10K + 2000 cos 60 = 51% cos 30 + 4000 cos &0
=—4S0ET T
XV om 2000 s 60 + 5196 gin 30 = 4000 517 60
=R6595 N
— . & o = -
@DiaiNote< in
- UYL /Il @D U1

-_—_——m—
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% F, = 4000 N

R = ,f{- 499.87)" + (865.95]"

B =1000M
tanﬁ-ﬂn 865.95 = 1.73
PH  =499.87
¢ = 60",
=) -

Example  The four coplanar forces actong at @ potnt as shown i figure one of the foroes is snknonem
arud ris mrrganitude is shorem by F Tie resultaint s haoing o woegnitude of soon and 5 acting along x-axis,
Lretermive the nnkmoton force P amd ofs inclisatton neth x-txes

.y
P 200N
45"
# Flesuiiard = 500 N
20 |
500 M + 200N
By [, - 0 T_--||| i T ] ] 5 C

-_—_——m—
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Solution: YH =200 cos 45 = P cos B = 500 cos 20 + 500 = [
Poos @ =171.57 sl
YV =200 sin 45 + P sin 6 = 500 sin 20 - 200 =0
P sin 0 = 500 sin 20 + 200 - 200 sin 45

Psin @ =226 A}

-lt'-' Squaring and adding (1) and (ii)

5 Pi{sin? 0+ cos? 0] = (171.57) + (229.6)°
5 -y

= (i) = ()

I-— 8 0

© Fae i =1

,ﬁ =g tmﬂ-l.l:g__l};ﬂ"ﬂ".

. =AU =5

@ = [T M &

S E} il |t '\‘;\]
LY 0 |

: mY, l WAL
a f\‘\ ,

8 (M N ;Q _9

CAMBRIDGE
INSTITUTE OF TECHNOLOGY

; @DigiNotes.in
S

o
@
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MODULE -2
EQUILIBRIUM OF FORCES

Equilibrivm: Equilibriom is the status of the body when it 15 subjecied 10 a sysiem of [orces. We
know that for a system of forces acling on a body the resultant can be determined. By Newton's
2™ Law of Motion the body then should move in the direction of the resultant with some
acceleration. If the resultant force is equal to zero it implies that the pet effect of the system of
forces is sero this represents the state of equilibriom. For a syvstem of coplanar concurrent forces
for the resultant 1o be zero, hence

Z £ o= ]
¥ fy, =0
Equilibriant : Equilbriant is a single force which when added o a system of forces brings the

status of equilibrium . Hence this foroe is of the same magnitude as the resultant but opposite in
sense. This is depicied in Fig 4.

§- el

E

a1 ——

dﬂll' o - ST

F Engme falarpend

Free Body Diagram: Free body diagram is nothing but a skeich which shows the vanious forces

acting on the body. The forces acting on the body could be in form of weight, reactive forces

contact forces ete. An example for Free Body Diagram is shown below,
3 e = o R

-y
it
ot

-_—_——m—
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Lami’s Theorem
If three forces acting on a particle keep it in equilibrium, each force 5 propartional to
the sine of the angle between the other hvo,
F, Qand K three torces acting at a point keeping it in equilibrium, Fig. Thee, P and y
are the angles apposite to each of them respectively.
P Q R

sinag  sinfl  =siny

Go Paperless - Save The Earth

This law i= a direcl consequence of the triangle law. Since the forces are in
equilibrium, they can be represented by the sides of the triangle ABC taken inorder. A
general property of any triangle is that each side is proportional to the sine ot the
angle opposite to it. Thus in the triangle ABC drawn with the sides parallel to the
forces P, (), and K,

Notes

AB _ BC _ CA

sinxy siny sin:

L3

igi

Here x, vand z are the angles of the triangle ABC. But by the triangle law of forces, the
sides of the triangle are proportional to the respective force. From the Fig. 1.2

@D

s X = sin (180 = o) = sin o
gin y = sin (180 - ) = sin p
sing = sin (180 =y) =sm ¥

-_—_——m—
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Hence .P . o O = constant
&y of sinfi  siny
Thus, it 3 forces acting on a particle are in equilibrivm, each force is proportional to the
sine of the angle bebveen the other bwo.
Example 1 : A spherical ball of weight 75N is attached 1o a string and is suspended from the

cetling. Compuie ension in the string if a borzontal force F 1= applied o the ball. Compute the
angle of the string with the vertical and also tension in the string it F =1 50N

I ¥
. ) 2,=0
l _ l:*'r--v f-Teos@=0
) wws 150-Tcos8=0
W FEE TEEE-I'? 1 50)
R = gL I
A= T ) r|'| A

Example 2: A string or cable is hung from a honzonial ceiling from two points A and D. The
string AD, at two points B and C weights are hung. At B, which is 0.6 m from a weight of 75 N
is hung, C, which is 0335 m from D, & weight of we is hung, Compute we such that the string
portion BC is horizomtal.

T i Znka

J.
o o
1 _.|:": Flj: I e
4 B [ i ‘ ';;;-.I- m T‘I} FE[' P )
- l20] e —
[ACF T A _HF'HFLEE
OF TECH —

FBOD of B ]} I-!_'!' ‘Iﬁ o FRO of ©© ?I v [‘-;‘1
X, =0 /1y l 26 AL
Ty = Typcoséy =10 - _TH_. i

T, = HERSN
E‘ﬁ. =} EI:1 il
T,,sin8 —75=0 Tsind,—W, =0
w=T3 2N T, = 75N W, = 12837

-_—_——m—
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Example 3: A block of weight 120N is kept on a smooth inclined plane. The plane makes an
angle of 320 with horizontal and a force F allicd parallel to inclined plane, Compute F and also
normal reaciion.

L — |
.'_"‘.'!'
ot \"i
8 :ﬂ; L
=  LAMIS Theorem R e
_1:'~|:+=_F =_.'~rﬁ- m‘é_r
SinO0"  Sin{180-32)  Sini90+32)" _ LA
F=(3.59N «TO T
! . bL o [EEL ]
N =101,76N W 1\ | Ex ML E3

Example 4: Three smooth circular cylinders are placed in an grrangement as shown, Two
cylinders are of radius 052mm and weight 445 N are kept on a horizontal surface. The centers of
these cvlinders are tied by a siring which s 406 mm long. On these two cylinders, third cylinder
of weight 890N and of same diameter is kept. Find the force S in the iring and also forces
piints of contact.

= LAMI'S Theorem

&%

I b i
'.*E'_.- . - g f :r-‘.ir.. ' e A e
I)T h i S e
L 4':|M SR P
Fap oF A .E &F B ——
ExAMPLE # PBD of B
Y f.,=0
FBD ﬂj .A. — i
% e
F,.=508N Y f, =0
K =598 N Fye =399.5N
R, = 800N

e s

LA 200 N sphere is resting in at rough as shown in fig. determine the reactions developed
at contact surfaces. Assume all contact surfaces are smooth.

Soln. At contact point 1, the surface contact is making 60" 1o horizontal Hence the reaction
R, which is normal to it makes 60" with vertical. Similarly the reaction R: at contact point 2
makes 45" to the vertical FBID as shown in figure

-_—_——m—
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Applying lami’s theorem to the system of forces, we get
R/ sin (180 = 43) = Ra/ sin (180 =60)= 400/ sin | 6G0+45)

Ri=292 8N Ry=3583.6N

A wire is fixed at A and D as shown in ﬁgnre. Weights 20 kN and 25kN are supported
at B and C respectively, When equilil 15 reached it 15 found that inclhination o FAR
is 300 and that of CD 1 600 to 1he verti m gt the tension in the segments AB,

BC, and CD of the rope and .!hé-l nhd:n ;il:‘ﬂ .@ the vertical
Soln; Free body diagrams ﬂf‘gib hIﬁm res respectively
Considering equilibrium o fpni‘jgrﬁ;w: e - h o

el i mn 1] i };r.,._j

= - 1N 2

T:5in @ - T| sml.‘m Eﬁ;" | i.fjx_ | ;’i.'-"
T:sin@ = \ , RN \ ©7

aTacos & + FJDEIS‘E;E'E'D-I

— | 1 (
T cos 8= T{inésﬂu;hu 1Lﬂh't =3 R':-f':_llﬁiﬁr f\ N

|r
fy JI|
Bantid o) ﬂf 'l"\ .95'?/ —4—.-'_._
the equilib nt .
nnE F:‘n:gu eq&:\n rium Hm £ %hh M — /

'\-\.\_{1-"'
Tysin 60 =T g'ém E—'i} W -
1] .I.-'I " i L l
gﬁ MBR D Gk

T1 sin &= T sin Erf' ,,,,,,
INST I"I'UTT OF TEC IH[}LGGT

e - ~ & [} - L+
B f/r}* r'H"“*:‘-. el ATy P
) . | o 1 1 H <y o

J AlRlAaTre e |
WIQIINOTES [N
TiCJfHEIEI'I'T1'ﬁﬂSJ—_75= - = o J |
TEGME:—T.,mW"‘ES ""—"'—"""'—ﬁr!l'h-]

From equations (i) and {ii) , we get
Ty sinn 30 = T3 sin 60

Ty=+/3T;
From equations (i} and {iv) , we get
Ticos 30— 20=-T; cos 60 +25

-_—_——m—
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Ta= 22.5kN
Ty= 38.9TkN
From equation (i) and{ 1i)

Tan 8 = 1416
B=54.78"
T;= 23.84kN

1RCIV14/24

A ladder weighing 100N is 1o be kept in sinwn in Migure, Resting on a smooth
Noor and leaning on a smooth W:M\n—g tal force required at floor level to
ng

prevent it from slipping when a (L1} ]"'Fn above floor level
Free body diagram of the laddertga and Rb is horizontal because
the surface of contact is smooth, /wE gj'a!. UE‘ i ough centre point of ladder in

wvertical direction. Let F be the hon | fi
Then iy -
I M0

Rax3+ ?ﬂt}j:zém“éghlj—kpm 50:-@{1 \ 1

=27
Rp= 298/3N

T Fx=0 \I ,43&:' L ﬁ“‘jg\r

F-Rg=0 ¢/ k”}/@&""" |
by &

lJ
—
"__,f'
|I-Il.-.-'-

F-Ry=2083N  © \

-\.\_ : '%V —
CAMBRIDGE

INSTITUTE OF TECHNOLOGY

= '-". [r= *h B R o — 2
(G AR S | r'F"
'-._ s | ' ) [l | "'-Q. ['. -|| E" © 1"':l'. Il |
“‘\- ‘ ...| L o e U = o o

Department of civil engineering. CiTech
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FRICTION

Whenever a body moves or tends to move over another surface or body, a force which
opposes the motion of the body is developed tangentially at the surface of contact, such on
opposing force developed is called friction or frictional resistance.

The factional resistance is dw:hp:{l ﬁ'.!ﬂ-tﬂ.-ilc mi::ﬂudcin_g of the surface imegularities
at the contact surface biw two bﬂdses

Consider a body mghnﬁ’{&l) llh:.'a hm@ }i?e%uhjmmd to a force ‘P’

I 2\ ==
T L'::I" : w — ...Il_i"l-él :—_
= r—
S ‘ [N e ) imﬂwﬂwﬁ
Lﬂ?}\»] 7 It N &fﬁ
& = ! "
J T 1 | H | r‘-\. [H
Ilh.. ‘*Tq_l'l'r X .".\ Fﬁ}; _'%_Ilr'f g'.f-.ll -I
N g <z /
Wh 1 A N
N CAM TF%JE_H DGE

P = Applied force
N = Narmal reaction from Mum OF TECHNOLOGY

F = Frictional resis 6B 0 a .
W =Weight of th ﬁﬁ h“‘:"- AlIRIA QP o= 0 g
F- L [l' VU0 R Al

A
Tlmb-u-cl}rr.an ntartmmwgnr_ﬂid:mw plﬂn::fﬂuﬁn-rm‘P‘ overcomes the frichonal

¥ o

The frictional resistance developed is proportional 1o the magnitude of the applied foice
which is responsible for cassing motion upto a certain limit.

Limiting
friction value
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From the above graph we see that as P increases, F alse increases. However F cannot increase
bevond a certain limit. Bevond this limit (Limiting foction value) the frictional resistance
becomes constant Tor any value of applied force, I the magnitude of the applied force is less than
the limiting frichon value, the body remains at rest or in equilibrium. It the magnitude of the
applied force is greater than the limiting friction value the body starts moving over the surface.

The friction experienced by a body when it is at rest or in equilibnum is known as static
friction. It can range between a zero tu{!ﬁ]rh 1"F Eﬁnﬁl ;,ﬁlue

The tnichion expenenced by a h(% ]iill 5 Ii‘q-ﬂ'\l',JI?L ié c;ﬂpé:ﬁ'nn mic Friction .

The dynamic [riction ::qu“‘m:];if‘fh}' a bod asi(mﬂes over a plane as it 15 shown in

figure is called sliding friction. e~ fﬂ .

[} _II'-' = T .:! = :.I
The dynamic friction ﬂﬁpﬁlﬂﬂ:&dﬁﬁl@%@lﬁdﬂﬂﬁﬁﬂﬁﬁcegﬂhuwn in figure is called
rolling friction, A 8 n | |t — ' T

CO-EFFICIENT [_'}F %F{ WY |1m~.-¢4:[ that between two
contacing sur faces, the ma miting fnchon bears a constant ratio to normal reaction

between the two ﬂﬁmﬁo f&m{leﬂ as l:ﬂ—ﬂfﬁ;i ent’ Ffﬂqﬂim U
| ||__ .\_. r' = .:.:I 0 S
“‘*-—'_.l :" | | F -;w-..._:'l__: o b !| ||
It is defined by the rela:tmnshlp —‘Er
Where

i — Represents co-efficient of friction
F — Represents frictional resistance
M — Represents normal reaction.

Note. Depending upon the nature of the surface of contact ie. dry surface & wet surface, the
frictional resistance developed at such surface can be called dry friction & wet Inction (Hud
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friction) respectively. In our discussion on friction all the surface we consider will be drv sough
surfaces.

L F :

The fricticnal resistance developed between bodies havine dry surfaces of contact obey certain
laws called laws of dry friction. They are as follows.

1} The frctional resistance depends u;:rcrn the roughness or smocthness of the surface.

2) Frictional resistance acts in a dtlﬂ: 1o the motion of the body.

i) The frictional resistance |5'. || E 5?}3 contact between the two bodies.

4y The ratio of the limiting 1‘;‘ pn vﬂl e {P‘rli |!u g:he ﬁ@ual reaction (M) is a constant {(co-

efficient of friction, IJ,} Q" ¢ -_ S ' ’ 4':.-
5) The magnitude of the fri L[{mak{élstance dtveib@i*i‘g exactly equal to the applied force
till limiting friction 'l."ﬂllll:: js %mmﬂ'm is about to move

— -t TP

ANGLE OF FRICTION . "=/

.

F

|
;:i_‘_l _.'.-!:. | |'. 1

) 1’] wl/, 1

Consider a body w&&ﬁéi WI&::Q EnTa[‘EtM‘h{l)a%ﬁﬂr Let ‘P* be an applied force

required 10 just mave the suich that “frietional resistance reaches limiting friction value. Let
‘R’ be resultant of F & N. Let '6" be/the mghm-ﬂatg the mmﬁ&mm of N. such
an angle *0 is called the Angle o Fﬁ-!cl;bn i

As P increases, F also increases and correspondingly “8° increases. However, F cannot increase
beyond the limiting friction value and as such *9° can attain a maxinyum value only.

Leth,..=a

Where o represents angle of limiting friction

-
tan @, = tana _Tll'l

-_—_——m—
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IE'.1.1'L~£r =1

Therefore U = tano
1e co-efficient of fachion iz equal to the tangent of the angle uﬂimiiing triction

ANGLE OF REPOSE:

Consider a body we:inhin : aced oft.a rongh. incli plane, which makes an angle

‘0" with the hnn:mnla,L—’ iy is in equilibrium or rest without
sliding, If 0" is gmduzﬂl}r the Td}"tﬂnds to slide down the plane
f!.' 1l f"

The max@r}ﬁ v.:hmlp-ﬁ mh_lf on M'L!di_;a body free from

extemal forces can lmnut ""L ~__,ff
x? e
Let ., = ® r" ) | fol L | (AL
| 5 "h._"—l = bR | _'i_.'" ! |

Where & = angle ui:f_apnsa ofrepose T / i 2
When = angle of rémaﬁ £

fi P
Let us draw the reeh%fgm A bltfﬁlj:[ S'lﬁdﬁﬁ |” s

T 1

INSTITL OF TEC E'[HDLULJY
= g 0 8
""H:;'_J e B s 1% | Sl ol i |

Applving conditions of equilibrium,
¥YF.=0
N cos{90-8) —=F cos8 =0
N sin8 = F cosf

-_—_——m—
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_F
tanﬂ'—ﬁ
tant,,... = tan &

‘:arll
L = tana
tan dr = tano

e B A
i.e angle of repose is equal to anggéfﬁnﬁti Ifﬁ‘l'ﬁ{";'f o~ -"ﬂr"?
WA L=——L /S =
CONE OF FRICTION &

B

::““' :.-“'a. o
=/
-_-"l i .‘.. .illrEI_ e

—Houghplane —.

75
_li

|’F-.‘ r
S B .| HiiT -8 )\
vl F i - 5 [" —y :
.\ TR ) \, &7
"T“TI'HP] 1"1‘-’3:"5*}? hN | = N H L
I:J{I, . e l ; 7 ‘ L = .
o e |~
Wamiiil oS
F 1 1
Comgider a Wi Testing ¢ a’muqﬂlin mn‘ealfs':\t'l{mlxr Let *P* be a force
required to just move the t Frictional resi iches limiting value. Lot *R" be
[ -

the resultant of ‘F> &N’ making an angel with the dirgfﬁ;i’uﬂ of N. &
"-.__ 5 "

1 . -'? ,l"ll.l
If the direction of ‘P” is changed %ﬁh of 'F’ changes and accordingly ‘R’ also
changes its direction. [f ‘P’ is rotated . R alzo rotates through 360" and generates an
3 : e T BT W 1rI-'

Note: In this discussion, all theserfeee-that bee qonsidanare, rough yurfaces, such that, when the

body tends to muw_ﬂiummﬁbcmstun&& opposing the motion comes mto picture tangentially at
the surface of conactin all the examples the body considered is at the veree of moving such that
frictional resistance ‘teaches limitifg value. '

\ AN r;saﬁ donsider the bﬂ'l_il}fi 1..::Hbe al rest of in
equilibrium & we s stillapply conditions of equilibrium an the bady o caleulate unknown
force -

-_—_——m—
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Ex. Block A weighing 1000 N rests over block B which weighs 2000 N as shown
in Fig. Block A is tied to wall with a horizontal string. If the cocfficient of
friction between A and B is 1/4 and between B and the floor is 1/3, what should be
the value of P to move the block B if (a) P is horizontal? (b) P acts 30° upwards to

T
i
R
| S
IR vl
Fig. 5.5(n)
(a) When P is horizontal:

The free body diagrams of the two blocks sre shown in Fig. Note the
frictional forces F; and F, are to be marked in the opposite direction of impending
relative motion. Considering block A,

LV=0
N,=1000N .

F
since F, is Hmiting friction, ==+ ‘
N, 4
e F|=15'DH \ ,I
YH=0 |

_— el = ,
=150 N W 1
Considering block B, OGY
LV=0 D = .-
N, =2000-N, =0 Sad) o U |
N;=3000N since N, = 1000 N

-_—_——m—
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Since F, is the limiting friction F,=p, N,

» 3000 = 1000 N

Lad | =

LH =0

P-F,-F=0

P=F,+F,=250+ 1000
=1250 N

th) When P is enclined
Free body diagram for this case is shown in Fig.

As in the previous case, here also N, = 1000 N and F, = 250 N. Consider the
equilibrium of block B.

iv=0
N;=2000 - N, +# sin 30° =0
N,+05P=3000N  since N,= 000N
From law of friction, L g———_

|
F, Z_E N,

=%(3um-u.sr;u

=1000- 2 p

-_—_——m—
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TH =0
Peos30°— F, - F,=0

05
P cos 30" - 250 - (1000 - - P)=0

P=121043N Ans.

Ex. What should be the value of 8 in Fig. which will make the motion
of 200 N block down the plane to impend? The coefficient of friction for all contact

=h
surl'mﬂ;.

¥ &

900N block is on the verge of moving downward. Hence frictional forces F, and

F, act up the plane on 900 N block. Free body diagram of the blocks is
as shown in Fig.

For 300 N block:

¥ forces normal to plane =0

N, =300 cos8=0

or N, =300 cos 8 . w1}

From law of friction Fy= 5 N, =100 cos 8 -y

For 90 N block:
X forces normal to the plane =0
Ny=N; =900 cos 8=0
or N;=N, + 900 cos 8
Substituting the value of N, from (1) we get
N, = 1200 cos 8 )

Go Paperless - Save The Earth
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From law of friction
|
F,:% N, = 400 cos 8 )

_——
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L forces parallel to the plane = 0
F,+F,~900sin0=0
e 100cos @+ 400 cos @ = 900 sin B

3
tan@ =~ .
9
8 = 29.05° Ans.
X el Jr.;; n
S B 5 U,
= [ o~
{". J L -.._!_:_.. ,\l_' ..._. ) +I|"J,a

Ex. A wejght 300 N just starts moving down a rough inclined plane supported
by a force of 200 N acting parallel to the plane and it is at the point of moving up the |
plane when pulled by a force of 300 N parallel to the plane: Find the inclination of ,
the plane and the coeflicient of friction between the inclined plane and the weight.
Free body diagram of the block when it just startis moving down is shown in
Fig. and when just starts moving up is shown in the Fig. Now, frictional
forces oppose the direction of the movement of the block and since it is limiting case

F
v =k

When the block just starts moving down

2. forces perpendicular to the plane =0 A1)
N=3500 cos B
From law of friction, F, = uNV ’
ie. F,=500pcos® ' AD

2 forces parallel to the plane =0
500 sin 8- F,-200=0

ic 500sin@-500 W cosB =200 -..(3)

-_—_——m—
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When the block just starts moving up the plane
1 forces perpendicular to the plane =0

N = 500 cos@ vea(4)
From the law of friction, F, = 500 i cos @ A5)
I forces parallel to the plane = 0
500 sin@ + F,-300=0
i.e 500 sin 8+ 500 . cos 8 = 300 o(6)
Adding (3) and (6) we get -
1000sin 8 = 500
. | “' E e o _'.-_a:'.
. = T
or B =M~ Ans.
Substituring it in Eqn. (6) we get:
500 p cos 30° = 300 — 500 sin 30°
=350
. s p=011547 Ans,

L
. I F S & )
. g d R

Ex.  Whatisthe value of P in the system shown in Fig. . to cause the motion
to impend? Assume the pulley is smooth and coefficient of friction between the other

contact surfaces is 0.20.
(]
ﬁ"
B06H | T
TN

§
M
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Free body diagrams of the blocks are as shown in Fig. Considering 750 N
block:

Z forces normal to the plane = 0
N, =750 cos 60° =0
N;=3715N
Since the motion is impending, frvm law of friction,

F, =N, =02x375
=75N 7
X forces paraliel to the plane =0 XA
T = F;=730 sin 60" =0 & 1
T = 75+750 sin 60° =
= 72452 N Tt =
Considering 500 N body: T 3
IV =0 Y N
Ny — 500+ P sin 30°=0 ;)
N; +05 P=500 ! (AN
From law of friction, e S|
F, =02 N, =4
= 0.2 (500 -0.5P)
= 100-01F
IH=0
Pcos P =-T=F;=0
P cos 30° - 724,52~ 100+ 0.1 P=0
P=85351 N Ans.

-_—_——m—
Department ot civil engineering. CiTech Page 57



Go Paperless - Save The Earth

@DigiNotes

Elements of Civil Engineering and Engneenng Mechanics 18CTVI4/24

Ex. Two blocks connected by a horizontal link AR are supported on two rough
plancsasshownin Fig Thecoefficient of friction for the block on the horizontal
plane is 0.4. The limiting angle of friction for block B on the inclined plane is 20°,
What is the smallest weight W of the block A for which equilibrium of the system
can exist if weight of block B is 5§ kN?

Free body diagrams for block A and B are as shown in Fig.
Consider block B.
From law of friction,

A :‘-..‘ B .
5 "
LY
{al

Fy=N,tan 20°  [Since u = tan 20°] [ I.;' (1
2V =0 =08
N, sin 30° + F, sin 60° - 5=0 A
il ST LR D =
& Ny = 6133 kN - /
& Fy = 6.1331an20°=2.232 kN s
EH=0 5 T I
C + F,cos60° =N, cos 30°=0
C = 6.133 cos 30° - 2.232 cos 60° . _
it S 1IN
Now consider the equilibrium of block A. P
ZH=0

Fy= C=4.196 kN
F,= C=4.196 kN

From law of friction F; = N,

-_—_——m—
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4.196
e N =m—u 1049 kN
04

IV=0
W = Nl=1049 kN Ans.

Ex.  Two identical plancs AC and BC inclined at 60° and 30° 1o the horizontal
meet at C. A load of 1000 N rests on the inclined plane BC and is tied by a rope
passing over a pulley to a block weighing W Newtons and resting on the plane AC
as shown in Fig. If the coefTicient of friction between the load and the plane
BC is 0.28 and that between the block and the plane AC is 0.20, find the least and the
greatest value of W for the equilibrium of the system.

(1]

For the least value of W for equilibrium, the motion of 1000 N block is impending
downward. For such :m:ﬂufm:hndydilpmurhlmhmmmﬁg
Considering the 1000 N block:

I forces normal to plane = 0
N, = 1000 cos 30" = 866.03 N

From the law of friction F, = 0.28 N,

Go Paperless - Save The Earth

=24249 N

E forces parallel to the plane =0 : .
T=-F+1000sin30° ' || /]|

=257151N

Now consider the equilibrium of block of weight W:
I Forces normal to the plane =0

N;=Wcos60°=035W

@DigiNotes

F,=02N,=0.1W

-_—_——m—
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X forces parallel to the plane =0
Fy+ Wsin 60°=T
0.1 W+ W sin 60° = 257.51
- W=2665TN Ans.

For the greatest value of W, the 1000 N block is on the verge of moving up the plane.
For such a case, the free body diagrams of the blocks are as shown in Fig.

T
1
['H

Considering block of 1000 N,
N, = 86603 N
'F, =24249N
T = 1000 sin 30° + F, = 74249 N
Considering block of weight W,
N; = Weos60° =05 W
Fy =02NM=01W
and Wsin 60° - Fy=T
Wisin 60° - 0.1) =T742.49
W=96928N Ans.

INSTITUITE OF TECHNOLOCGY

Ex A weight of 160 kN is to be raised by means of the widges A and B as
shown in Fig. Find the valee of force P for impending motion of block C
upwards, if coefficient of friction is 0.25 for all surfaces. Weights of the block C and

the wedees mav be neglecied,

Department ot civil engineering. CiTech Page &0
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Let o be angle of limiting friction. Then,
B =tan"'(0.25) = 14.036°

)
Bl

The free body diagrams of A, B and C are as shown in Fig. The problem
being symmetric, the forces R, and R, on wedges A and B are the same. The system
of forces on block C and on wedge A are shown in the form convenient for applying
Lami's theorem
Consider the equilibrium of block C.

R, - 160
sin (180—16-8)  sin2(8+16)

R, - 160
sin 149.96  sin 60.072°

R, =9241 kN
Consider the equilibrium of wedge A:
sin (180 -8-08- 16) sin (90 + 6)
P = 66.256 kN Ans.

L A 1, BNl

i
e o

Go Paperless - Save The Earth
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Ex. A ladder of length 4 m weighing 200 N is placed against a vertical wall as
shown in Fig. The coefficient of friction between the wall and the ladder is
0.2 and that between the floor and the ladder is 0.3. The ladder in addition to its own
weight has to suppon a man weighing 600 N at a distance of 3 m from A. Calculaie
the minimum horizontal force to be applied at A to prevent slipping.

@DigiNotes
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Thfrmbudydnpnmnfﬂmhdduuunhuwluﬁg
IM, =0
Njy 4 sin 60° + Fy 4 cos 60° —600 % 3 cos 60° — 200 x 2 cos 60° =0
Dividing throughout by 4 and rearranging,
N, 0.866 + 0.5 Fy =275
From the law of friction, Fy=0.2 N,
i N, (0.866 + 0.5 x 0.2) = 275
Ny = 28468N
o Fy = 56934N
V=10
— 200 - 600 + 56.934 =0
N, = 743066 N
A Fy= 03N,
&~ Fyo= 192N
= 0

= Ny F,=284.68 - 222.92
= 61.T6 N Any,

= . '{

£

H

P 4+ Fy=Ny=0
P

r

Boiand ™ . i
F | I, ||
. =

Ex. The ladder shown inFig. Bﬁmhngmumppmedhrlhuw
floor and vertical wall. The coefficient of friction between the floor and the ladder is
0.25 and between wall and ladder is 0.4. The weight of Iadder is 200 N and may be
considered as concentrated at G. The ladder also supports a vertical load of 900 N at
€ which is at a distance of |m from B. Determine the least value of a at which the

ladder may be placed without slipping. Determine the reaction at that stape.

A
L |
4
&
‘. PRIt ]
lul R
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From the law of friction,
F,=025N, A1)
and Fa=04 Ny ei{2)
EV=0
N, =200 - 900 + F, =0
e Ny+04N,=1100 A 3)
If=0
FJ‘H]“'“
025N, =N, -{4)
From (3) and (4) we gei:
Ny{(1+04x025)=1100
LY H;‘ = lm" - M’q
Fl=lﬂﬂ Ans.
Hl':mﬂ Anx.
Fg=04x 250=100 N e
EM,=0

Nyxbsino+ Fyxbeosa-200x3cosa =90 xScosa=0
250 x G sin o = (= 100x 6 + 600 + 4500) cos a

4500
Q= —=
*=Ts00 >

@ = 71.565°
INSTITUTE OF TECHNOLOGY

Anx,
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MODULE -3
SUPPORT REACTIONS

A beam is a structural member or element. which is in equilibrium under the action of a
non-concurrent force system. The force system is developed due to the loads or forces acting on
the beam and also due to the support reactions developed at the supports for the beam

For the beam 10 be in equilibrium, the reactions developed at the supports the should be
equal and opposite to the loads. e
: TO | H;‘: .

In & beam, one dimension (] '-ixl m“_nﬁ b er than the other two dimensions
{breath & depth). The smallqﬂﬁ‘i’ﬂl:pﬂ[lsfqﬂl arg psyally. neglected and as such a beam is
represented as a line for theoreticdl purposes of for analysis

: y

for beams: Ha AT e, N
[--:r:_”f'aﬁi'I o i
Supports are struefures 'p‘n’hiﬂ'l.‘; ; 1e-beam-or e body-from moving and help 1o
maintain equilibium. £ 7% | i|I - "Ir . ' : el
- i“_\lT"l s | III |'. ! 1 '. r_‘.'.-__,- | "
A beam caft havé dﬁ{m;nm of su A Bs FDLI e .,__’l:!ﬂl-iupfnpﬁ?i‘g_égcliﬂna developed
at each support are F:FII.' Wfiﬂﬂ%;ﬂﬂl'ﬂwa_ 1 ‘ | IE—'_ ) "-.ﬂ. :‘_.! %
Simple support: | [ | I | | (3 |
1) S5im r | J~0 1IN |_| i ) 1"- |-._I

7 ~NA. Iy ¥, 1L 2 :
This is & support whepe-abeam rests freely on a suppon The beapi‘lé free to move oaly
homzontally and glsocan-Totate about'the support. Jn such a support one reaction, which is

perpendicular to the plane of support, 15 d“%g?tﬂ rﬂj{ﬁ Jie—

L 3 . e - 1

Flare of apport

2) Roller support:

This is a support in which a beam rests on rollers, which are [rictionless At such a
support, the beam is free o move honzontally and as well rotate about the support. Here one
reaction which 1s perpendicular to the plane of rollers is developed.

-_—_——m—
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Plare af ralles —

4) Fixed support; Q"¢ m‘-._fé.f'-J—"-"-ﬂi,,f > %
-.__.- 1 ___.-" -
This 15 a support which P_"ﬁfé : :II”IJI: 1"I-F‘(.J'|-"I.I'I:_IJ i any l:[ll.'ﬂi.-li]ﬂn and also
prevents rotation of the beam, I s . i 4511
Fixed End Moment are d.augicr;:-eﬂ-'

Go Paperless - Save The Earth
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Types of beams zf“ﬁ‘__y:f"2 L ].J 'j{x L _lhéf W IC
Depending Lpan méﬁﬂﬁiﬁ%ﬁﬁﬁﬁ#ﬁ? ﬁ%’hts two ends), beams can be

classified as follows™ =,

E I_II.'::'I}_;_ | II Faill | _.h' A& A
- I]qi el § ___“'!'I H II-_-_-_':| |_| ! !.-I-_.':-I' | _ :'9 . i_| I|' ,|
£ A beam s smd to be !iE!I'I'I]:I-J._}" supported when both ends of the beam rest on simple

igi

supports. Such a beam can carry or resist vertical loads only.

@D
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Rr
21 Beam with one énd hin EE‘IE other on rollers.

It iz a beam where one enw& Ih“ﬂqu‘p a support and the other end rests on a

roller support, Such a beam can ¢ ?FW pf'lil:r-;lﬁaf f?;i;

Go Paperless - Save The Earth

Sl [ ([
.-"'..-ﬂ'_'u F il
] ’I:'L". 'f | Jj 1§ ) S :‘}H« |"‘.
3] I Egg EE!E Ijl ‘x_;_'_, I..-"— L__. }H:.J. —d |%r" J":.I I|
Itisa I:l:-nm whu;h 15 hmg:d‘to‘sﬁfgm‘ta atb l:ls Sugh :a beam £-ﬂ:-:-;:an}r loads s any
direction. ' _f:‘-t o oo
A TE“H;/H ““ajr
O NG
E I 9%
- 4) Quer hanging beam :

igi

It is & beam which projects beyond the supports. A beam can have over hanging portions
on one side or on both sides.
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Ra Re

P "i-l——-—.[-' = - —a —_—
e - )
f -'frq' I ~ G5 "
I !
Sy Cantilever Bea -3—‘“' e || . [ LWL =~

| l | l -Il LN _'.r" |Ir &
It is a hearn{rwnl m&aﬁ& mlhd and other and frée, S gf;.h\%n-bemi cap ::a:'ry loads in any
directions.

I I -_'\:‘"\- I
l| .'".-" & |I [ 5
D L Gy L A
. |_ "h._TI _I'|I||'._'- “'ﬂ-\__ II___- v _,:,l:lll.li'_|. =l | I-..- : :—‘I I|
L==tl, ) e i -~ -
" — — \"‘ 7 —,l"ll
it I
CAR
INSTIT '
= = ° BY ¢ ¥ :

i _: 1) .I |'..' = | A .'" :___-__ .::__. .
6) Bropped canilevgre | 1 ' UL WY RS ST

It is a beam which has a fixed support at one end and a simple support at the other end.

VIR P |

Ray RE
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Ty Continuous beam:

It is a beam which rests over 2 series of supporis at more than two points

il
i
H

y. ,ig?hll
) ".I [:w."- f__"-:.-__.' I r=
Note: J -1; V] L\ Hr’ i\
The support rmmﬁfrls'.ﬂfc ise of si ' _L“hﬂfl. witly one end hinged and

other on rollers, m'm'l'
equilibrium only (T,
Determinate Beams, .ix

In beams sh:gh as H-nge&ﬁeams ﬁw
reactions cannot be determined-using condi

special conditions for aml.hs|5¢nd %; :T.
'*-, |
'.I

> E&épmned by conditions of
bﬁmﬁ‘ hmhuwn as Statically

ever and Eﬂnhnw:ﬁsf eams the support
“of equilibrum=onlty—=They need additional
Eﬁns mz L:Hnu;n S!atlcally Indeterminate

I JL LY ST 0
Types of loads: INSTITUTE OF TECHNOLOGY
The vari Dqﬁ\'i}ﬂil_. L{I“l‘qadﬂ ﬂm::aﬁ dﬂ@fﬁ a. b,f.'.i.l‘i.j.:&ll.-ﬁ Lu.lqi as Iu.lilywa

'._ & i '\-\..-'l I i I l' 1 ';'.E"' J..' | l.| !I ||

Beams r R N

e

If a load acts over a very small lemgth of the beam, it is assumed to act at the nmd

point of the loaded length and such a loading 15 termed as Point load or Concentrated load.

-_—_——m—
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1 !

Ra RE

2) Uniformly distributed load (L DL):

It a heam 15 loaded mn huﬂq a;rn‘mmer I.l'm&eacj'u umL-]EE:tth of the heam camies the same
imtensity of loading, then such a Imdmg;g 1:3]1-&-:1 L'D-L &9

A LUDL cannot be mnmdém:l . Iy =fﬂf'ﬂPplylﬂg conditions of equilibrium
on the beam. The UDL_should J:l;‘qcp_lmrcﬂ tﬂ{'ﬂﬂ l:qj.n gt |:|::|||1I. Icrm or total load acting
through the mid pmmgﬁh& lc-a-:;led Emﬁth )

!’ e

| e
The magnitiide: of ll@p int Joad or| u:::au Imj:[ i5 € [ﬂ}:l;i;'prﬁ;![.{iz{-;gf' the intensity of
loading and the | !engt_h[ ﬁmnmr. M B

) W-—w L

i) “ _f \ ( w/ unit

Go Paperless - Save The Earth

b+xf2
w unit length
[

3) Uniformby varyimg load (L% Lj:
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If & beam 15 loaded in such a manner, that the intensity of loading varies linearly or
umiformly over each unit distance of the beam, then such a load iz termed as UVL.

In applving conditions of equilibrium, a given L'VL should be replaced by an equivalent
point load or total load acting through the centroid of the loading diagram (right angle tnangle)
The magnitude of the equivalent point load or total load 15 equal to the area of the loading
diagram,

w/ unit length

Go Paperless - Save The Earth

I.'.

"I”m W" /7N wiunit lengith

e

4) External moment:

A beam can also be subjected 1o external moments at certain points as shown in figure
These moments should be considered while calculating the algebraic sum of moments of forces
ahout a point on the beam

@DigiNotes
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MNote : A beam can also be subject toa load as shown in figure below,

Wi= wi. 't! m nhpr%- {{wl“lﬁ.ri}fz} L
F Al .

(wy-w Wunit length

=
6o Puperles; - Save The Earth

wzf unit length

Il
- il
L1
N
s
I
.

In such a case, 1.111‘:1 L'"n.-’L can Ef; spht trth a UD};mih a UJ'It:FEI-]TlI intensity uf wiumit length

another UVL with 8 maximum-ntensity of Lﬁﬁvj@.} At length————

.-_:'-H-i i- | | I I l'._'l I T ':-._ — _I' i
(1l ay _.'.-l M | 1l 1 - ™
Voo SN A .} Rl JiNs L ML Wl B

INSTITUTE OF TECHNOLOGY
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SUPPORT REACTION NO.OF
REACTIONS
= |
= /%3: L
tﬂ ROLLER L
o HINGE e
- -@-ﬁ L i ‘v, (2)
N % R I L oy
.'E y IR "u_}p_'—' - > 1.
u e .-E_.-'"- ‘h"\-":.. _.-"-"l,_
= N
A et N
B = e — = [
v 4y —N ' [ | A ™
4 £ I o l_ | & @
= A1 INEN N7 /A
& ,'rl |;I}_II] H']_-"'.-:I I | ‘ || | ;:-.h'n_l"r “'I'T \
o ==l | alinith, N}
o
8. Exomple 4: Determing the support reactions for the beam shown in Fig 7 w1 A and B.
o
O 2. f =0

2.1, =0
M_ =i ' s sl
- )l .

V,-10-25-32+V, =0 " -PTEE
V,+V, =67KN: L
, i i 'al'j.i'ﬂ Aahay
E ‘_-+ZM1 =0 J"I_.,._'I'_T_Tkk z L‘ Eap
= _10(2) = 25(5)—32(9) + V, (10) = 0 y, T
< V, =43.3KN

b - F L"..!'-Hr-rj,. L

igi

V, =23.7KN

@D
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Example 5: Determine the support reactions for the beam shown in Fig 8 al A and B,

S f, =0 H, =0
EL. =0V, -40-40+¥, =0

V,+V, =80
M, =0=3402)=40T) =V, (8)=0
V, =45KN
vV, =35KN;
- iphe o ]
.Euﬁ:ﬁ:ﬂq. £ ;a
I
ks )
T L -
5! T

Example 6: Determine the support resctions for the beam shown in Fig U st A and B,

S0

H,;=1732=0 s k.

H, =17.32KN b -~
A « o 3

& =1} iﬂuﬂ-ﬂ-‘ L I || 2

21

vV, —10=20-15-10+V, =0 _l“.. o :....;. i

V, sV, =55 !?--—r'j‘"f '-‘—l_;-.m.,

FHYM, =0 R S

— 105 2 25— 2006) 4V, ()= 1 5(9) = 101 1) =D 'Y Ganrys 8

V, =45 KN:V, = QKN

-_—_——m—
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Example 7: Determine the support reactions for the beam shown in Fig 1000t A and B.

Efr.zft

H,— R, sin3if' =0

H, =05R,

3 f, =V, =204 R, cos}r =0

V, +0.866R, =20 d 1"’"‘”

G+ M= :" 4 e
—V, (10)+ 2016)=0) 2 “jf"' I
-V, =12KN; —*‘h ﬁ'*l
R, =9.24KN. . Ji P
H, = 462KN: e Gt ;?_,':‘ﬁ..:.

@f/

A
CAMI&RHDGE

INSTITUTE OF TECHNOLOGY
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MODULE -4
MOMENT OF INERTIA

The Mement of Inertia (l) is a term used to describe the capacity of a cross-section to
resist bending. It is always considered with respect o a reference axis such as X-X or
¥-Y. It is a mathematical property of a section concemed with a surface area and how
that area is distributed about the reference axis (axis of inferest). The reference axis is
usually a centroidal axis.

The moment of inertia is also known as the Second Moment of the Area and is
expressed mathematically as:

I.--' .__. I! i ]'Ayidﬂ ' .-.I_. -_II

< l, = [ax°dA 74
Where b T

y = distance from the x axis to area dA [ LN L
x = distance from the y axis to area dA HNOLOGY

RADIUS OF GYRATIONK « | % |

| |
o L I ] I - ey
T} I = & = | e ¥ = .

= .= =5 _— o

-_—_——m—
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The radius of gyration of an area with respect to a particular axis is the square root of
the quotient of the moment of inertia divided by the area. It is the distance at which the
entire area must be assumed to be concentrated in order that the product of the area
and the square of this distance will equal the moment of inertia of the actual area about
the given axis. In other words, the radius of gyration describes the way in which the
total cross-sectional area is distributed around its centroidal axis. If more area is
distributed further from the axis, it will have greater resistance to buckling. The most
efficient column section to resist buckling is a circular pipe, because it has its area
distributed as far away as possible from the centroid.
Rearranging we have:

e = KA

b=l A

The radius of gyration is the distance k away from the axis that all the area can be
concentrated to result in the same moment of inertia.

5 ¥
P [N o
P ;I;ﬁ ﬂ * f—l_l'l=1 -f"x
III-' s I o
iy /;l | N \S
Al 5 ([N i
Parallel Ams Thenrem | 1 . ‘ p—..

The moment of inertia of an area with respect o any given axis is Equal to the moment
of inertia with respect to the centroidal axis plus the product of the area and the square
of the distance betweaan the 2 axas,

The parallel axis theorem is used to determine the moment of inertia of composite

sections,
(] 5 'I'._ L} U] ¥ |
CAMBRIIDGGE
INSTITUTE OF TECHNOLOGY

-\.'“ I i o] . .

e [
) 1R r| = 0 Il o Se
e ] , | ‘XL | ] =
=2 l-l 'JI | ll g < [-c_:-' ] el g b

| "%

[_-L {
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I=[(y+d, V4
F |

= [0 + 20 )(d, )+ (d, ) YA
i'= Ceniroidal axis .

= j(_-.-']ldi+‘r}.'[y' Wd, Jelt + _[mp V4

. X =1, +42d [3'ddasd,’ | da

I,=I+0+d, 4

.i"J -I_, +0+d "4

T - T b dd®

m_. /SRS
es that 1 Emd..-',l\w the moment of
' _ IElI;iﬂ‘I}” is X-X and Y-Y in
iﬂH;ér I about the axis
the intersection of X-X and Y-

inertia of a plane |
the plane of the sepl'f
£-L, perp-endlcul

Y is given by:

Izz=Ixx + lyy - T
{ AMD KL IUG B

e moment o IJIEI'HE‘ﬁ inertia.
”' ' ere TSRS R ML ert

Determination of th

The rectanguiar moments of inertia 1, "|
and I, of an area are defined as -

L=[Fde 1 -jx:-u‘

Department of civil engineering. CiTech Page 77



Flements of Civil Engineering and Engneening Mechanics

These computations are reduced to single intégrations by choosing d4 to be a thin

strip parallel to one of the coordinate axes. The resultis

a1, =y i
3

dl = .1.'::1.1 dr

Go Paperless - Save The Earth

dd = hly

iNotes

igi
L
Py
"
=
=3
—

@D
Ea.;
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= Moment of Inertia of a Rectangular Area.

2 ~ dd = {d2uly
.Fr-I b. X

| e X

[
T

= llil ‘l'{:l‘.ﬁ.i

1RCIV14/24

I111.
» i = (2l
iz
w |

x
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..LI
M i
i:.._; I _ b
12
] _.
_ S [ B
- " 3
I
I =1 +Ad*
|
= bJ: + I:E:hlrh:gll"
bh'  bh
- +_
) & 4
- I =t"_"r1 =,
£ g =y B~ N\
» Moment of Inertia of a Triangular Area.
4

Integrating df_ fromy =010y = h. we obtain

I=[v"da
S| ‘ﬂﬂn{x-k_[m; - vyl
0 i:Ill
b ¥ 3, BN
PLFRE
I, =1 +dd~
: A
TS L b bh b bk
—— S (=)=} == 3
Using similar mrangles, we have 12 1 3 36
I_h-y I.=bh—}' dd=b'h_}r:i-.=
b k h h

-_—_——m—
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Properties of plane areas

| Hivtsnpk (0o of wues al eenirodl
i It
| [ ] | :
fulg ! ht
' - i -
Lidi .
I I I, ™ & )
]
Heciangk (1 inpn i TR=10R [
[ hi
[} : i
B | : b
[} B [ i ") laa ik
| i b 4 b
a Trimngle [(Chign of axes @t centroid)
hily =g i
i =3 A
_| L‘:-
kh™ 1 . .
.= I, = —I8 — By + %) !
3 £
hi! b > .
Ill- T2 {h—2r J!- 'Jé"lI L0 =y ‘l'irl I'

Tramgle (Origie of 0569 81 veres ) —

il i

I'l-'i:— f_,—l:i_(.'hh‘—ﬁ-nrlul

ls* ol
I '-El;.“'-—._l I = 3
Turccles trimnphe  (Thrigme ol asee al cesdroel)
" bk ] i

- — i - § -
3 3 =
f

Ay k! 1

fi= ; _-H_ Top=1

M 3 -dl.'
f,—mllul = &7 -r..-.-—l1

(Mpie For an equilaresal orissgls, b= b1
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B -l— 4 Right triangle (Onigin of axes al cendrosd.)

-]
T
I
[T
]_/
=
=
iy =
fo—
[~ g
-
B
"
=
-
LA
i
=
3

oy s
:,-ml&‘+n-‘; Fpp ™= T
7 E_H:J' ¥ Right triamgle (Ongin of axes at verex.)
by’ hb? it
; ey wYEE v
iy k'
Ole—p—f " .',.-Elu"rt + b lpp = 3
P 5% |l T 1l &N
8 ¥y Trapezdd (Origin of awes atl centroid )
p-o—
\ hin + 0 inf 2at 4 )
id= jl .
b P . 2 Ha + b
B e ‘\—H i ia® 4 dah = 5% M3 o b
PN S TP "=
Circle (Origin of axes a1 center.)
ad* " ond*
A=mrl=— B e
4 L T
ot ot Sart Smd®
=0 h=3=m T"=

Clircalar ring  {Owigin of axes al center,)

Approximate formulas for case when r = small.
zd1

A =2nrt = ndi .',-r!r—m"‘J"—-H

Ay

;h - un

4

i 4

=0 | =2

-_—_——m—
Department of civil engineering. CiTech Page 81



Go Paperless - Save The Earth

igiNotes

@D

Flements of Civil Engineering and Engneening Mechanics 1RCIVI4/24

1 ! Semicirde  (Origin of axes al veniroid.}
e _ s
Fc e z - 3n
L] N f‘
B R L _ (8’ — 6" ciset I ="
Tin K
_EI"
I.. - I:' .f.. - a
12 ¥ Quarier dr:.lr: (Chrghin of axes af center of circle |
X art A
_\ PP i
& r '\ A 4 K |
b
o 4
o = o =
e ||" rl' 1 "I-I- i
ot — h-llr"
o = DOS4RE
l44n

O ler-clrvalan spaislbiel (Db ol aass gl veiies)

a=(1-5)r

. e LoE  j=n I pom
N4 — £} 34 —n)

Sx) 1 =
f.-(|—:'1-:|r" zl}!'lﬁl:IEI.‘lu" !,*‘-Il;-{_‘l—'i-\}r"tn.lmi

|I o _. LIIE'. = [ ,., 7 x
Example ——— B : \H f/ ;/J 'I_

Determine the moment of inertia of the shaded ama shown with respect to
each of the coordinate axes.

ol =
Y
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+ Moment of Inertia [,.
¥y 1= [y'da
E ]

=l .
- J:."[:r—.t‘.n::'_r
]

idd = {a-ahdy : H &
| »z;ﬁ e —=Ze iy
b B

- ¥ x

— o —

Substimuting ¥ = o and v=b e . [4.
i =|'-|'|- _LL:TT:
'Ir-lh- - . bl_" - :Eu
-b‘—*ﬂ} 1 =
b -E—%EEHW
k= L R ot
- : RS
y=la® o x=dy -
_ﬂ'_ _bl:: _‘-’
_Efi. ==
&Y | i L | -.1 % I :'ilI
JAV WA T DI R
« Moment of Inertia Ij,.
I}_=I.r:£l
F |
&
=ff}t£1
o
. 'I_b b |
=[x} 2" )dx
[ i
b.
;—,fl"dl
s
0
=t—]i—}r
=
b a
—(ﬂ—:'.lli?}
a'b
=——"1 &=
5

-_—_——m—
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Example

Determine the moment of inertia of the shaded area shown with respect to
each of the coordinate axes.

(a.b)

Go Paperless - Save The Earth

I, =|y'dd
y
5
= |y (% —x)dy
L]
:
= | 7 (%" — ¥y

Notes

S e |
fal : 5|
@ : .
_:a”_b_ ¢
7 1
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- Moment of Inertia 'tr

s
o
e
M
1]
=
&J

1
i

dd = (3, - ¥,y

il Dl b Ol i L le—

-
]
w

L]
L]

i
| =

il

e
‘T__"'r_-r;:
4 5

| LI o

Moment of inerti on

A similar theoram can be used with
the polar momeant of nertia. The
palar momant of inertia

Fﬂﬂf an araa about 2 and the palsr
mament of inertia J_ of the area
about its

&
centroid ame refated to the distanca 4 babween points C and O by tha reiationzhip

Jg = ‘Ff.' + dad?

The parallal-axis theoram is used very effectively to compute the momentr of
inertia of 3 composite area with respect to a given axis.
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Example

Compute the moment of inertia of the composite area shown.

100 mm
e

e
25 1 75 mm
75 nun
L 4 X
SOLUTION
100 mm
fe———
E3
25 mm T8 mm
== ) [ ] k
b
7T5mm = (d }q,
X
b’

X

I, = 1T]hﬂ. —{EI +J‘fd,:}r:n

1 ! * :
=[; 100)150) S ~ [ 7(25)" + (7 25°)75) Loy

= 101x10° mm* <—

-_—_——m—
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Example

Determine the moments of inertia of the beam’s cross-sectional area
shown about the ¥ and y centroidal axes.

400

+ 100F

Dimension in mm

‘:_ T oé\\ \ Y j/'{ll_ll é )

ﬁﬁli‘% TE:TEHDF? I

INSTITUTE OF TECHNOLOGY

f== % N e .-:r'l < L
(“”L"' »] 'i;.J 1IING f 2S.1IN

r'
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SOLUTION v

100 ’
-
i 4
4':“:' A -l!rlrll_.!
| 100F x

100

- ]

Dimension in mm
1
— 5 T -Ill" T .
=L, +4d’} + (T, + 44 g +(I, +.4d }),
o [ﬁ{lmmmf (100 300)(200)°]+ %‘mmm; -
+ [,—11 (100)(300)" + (100 300)(200)°] |

=20x10fP mm?* &=

- F .
100 : lf",f'"l"\k.
T 2 7 o
i i d—.
400 ™
4 100F 4 | ¥ x
]
o It 100 z
pE, b | |_r':
3 rig
100 x
— 600 ——m 4

DHEns100 i B s W
o -y :J rf"|‘|
e " = e = . _:-I_.I |\l|I |
fr =1’f: +"{d'-.:|.r+{j: +-{dr--'ﬂ -*!Ir *‘{d'r- h‘:
] : 1
=[?5 (300)100)" + LlDEr-E'-DDHJﬁD!']_4_+[i—sgluﬂliﬁmf +0],

+[1l11.mm{tmf + (100 300)(250)"],

= £6x10° mn* =

-_—_——m—
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Example
Determine the moments of inertia and the radius of gyration of the
shaded area with respect to the x and y axes.

¥
12 mmj12 mm
e
_ 6mm
8 mm —»| Ei 1@!1
_'*-Tnm
ing ) x
24 mm
v
- - »

24 mm 24 mm

L=iT +4d>),+ (T, +4d )y +(I, +4d %),

l
= [I_"

£

(24X6) + (24x6)(2T)],

1
+[—(B)(48)" +0
[” { 15

+[1l1{4s,1m}’ + (482 6)(27) ),

a1 I =390x10° mm* <=
- ..|..|.4_...2£I _%m_ o
214 mm o | »
f 00«10
k= |f; o £t - =21.9mm &=
Vi V[(2446)+ (8 48)+ (4846)]
{0 0 0
B A - A _ A
I.l.- =|:'I_I| +"'!'!t- j_t'H.fJ. +"'i:ﬂ!-}l +[-I'l +"ﬂ=- Je
1 1 1
e {1—_.{45}[:4]!']_. + 48381 ], +E]—.,“5}"'~45]11r
E3 i 4 I'f_ f “10°
1,=64.3x10° mm — k r =] GrLirll =887 mm =

¥ "|i A 1#[{3_1 B+ (B 48} + (48 E‘J]

-_—_——m—
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Example

Determine the moments of inertia and the radius of gyration of the
shaded area with respect to the x and y axes.

}I
5 A
05 m-pl e =Wyl |._cr.5m
i T

2m

L ¥

i
lm

(L 4

X
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Determine the moments of inertia and the radius of gyration of the
shaded area with respect to the x and y axes and at the centroidal axes.
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lem 1 em « Moments of inertia about centroid
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The strength of a W380 x 57 rolled-steel beam is increased by attaching a
228 mm x 19 mm plate to its upper flange as shown. Determine the
moment of inertia and the radius of gyration of the composite section with
respect to an axis which is parallel to the plate and passes through the
centroid C of the section.

172 mum
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SOLUTIOH
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33 mm o

L L

19 mm

172 mum
« Centrold
The wide-flange shape of W50 % 57
foumnd by referring to Fig 9.13
A=T50 g [, = 1602
A, = (229)(19) = 4351w’
p B
F(4351+ 7230} = (165514351 )+ (0N 7230}

¥ = 70,8 mm

* Moment of Inertia
(P ) S % 1 ] SO
=+ AT (T A+ AT
= []L‘{IZ-JHN]] & {43TIISE § - TOBY |
* a0z 10° 4 (7230370857 _
= 2565+ 10° mm"
I, =25710f mmt €=

+ Radius of Gyration

i
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A (4351+7230)

bo=149 mm &=

I 2| e, r

1RCIV14/24

||
e\

IS

The polar moment of inertia of
an area A with respec! to the pole
D is defined as

Iy=[rt da

The distance from O to the element of area d4 is ». Observing that r=x 2 + v we

established the relation

Jy I +T.

Department of civil engineering. CiTech

Page 93



Go Paperless - Save The Earth

igiNotes

@D

Elements of Civil Engineering and Engineering Mechanics 1RCIV14/24

Example

(@) Determine the centroidal polar moment of inertia of a circular area by
direct integration. (&) Using the result of part a, determine the moment of
inertia of a circular area with respect to a diameter,

5z
SOLUTION
¥, a. Polar Moment of Inertia.
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Centroids and Moments of Inertia of Engineering Sections

CENTROID OF PLANE FIGURES
4.1 Centre of Gravity:
Everybody 15 attracted towards the centre of the earth due gravitv. The force of attraction is
proportional to mass of the body Everyvbody consists of innumerable parmicles, however the
entire weight of & body 15 assumed to act through a single point and such a single point 15 called
centre of gravity.

Every body has one and only centre of gravity,

4.2 Centroid: 'I_U T ”,F
In case of plane areas (bodi ‘I‘E ss) such as a tnangle quadnlateral.
circle ete., the total area s assum : thd Elt a-;‘tﬁ%];u point and such a single paint is
called -nentrmd of the plarte area ™ N ,J;'- -.:i
The tenn centre of gravity amd Lm{tmﬂ, as the same me‘anmgh,ui the following differences.
|, Centre of gravity refer to h ﬂslgﬁ'FL%hercas centroid refers 1o plane
Hreas. 'II- L M |

which the weight acts vertically

2. centre ul‘gramylm p-c:m‘ﬁﬂ
tecd is @ point in a plane area

downwards irréspective m
such that the.qui:un&nt.’uf" rard 115.&(&:9
| |;|;J'] WY ,J | ."'._-n".l'r lll’x-“
Al N
I N I rﬂ.’:rnax“ﬂ!‘
Ln = A =
%, — ,l"ll
a—.;i ﬁ.;
"—1']- .'_lf'
Ao 1 LI
__.-_'J-T-L n "'H'*H r"l. a B .‘- . .
W N - . == | — o
@ 1A | otee In
-\,,\_ —=2 |,| __"II 4| ",___-:l || | .\.L l.'l.'_"r.ll ’ I;;_._":..._-:'I__: o I !ll ||

Mote: In the discussion on centroid, the area of any plane figure is assumed as a force equivalent
to the centroid referring to the above figure G is said to be the centroid of the plane area A as
long as

ad) —aydy =

4.3 Location of centroid of plane areas
¥

L

Flana area
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The position of centroid of a plane area should be specified or calculated with respect to some
reference axis e X and Y aas, The distance of centrond G from verbical reference axis or Y aas
is denoted as X and the distance of :::mp mtq‘wkﬁii}ﬂﬂ a horizontal reference axis or X axis 1%
denoted as Y. 'L‘

While locating the centroid of p@@ pnﬁam!?ﬁ;pﬂzcrnml line or a honizontal line
through the bottommaost point Gdn HT: ma tll'-ah_ﬂu iR Mt!@nd a lefimost vertical line or a

vertical line passing through the !Ia:ﬁl:l’l{.‘l:;{;/{f;lﬂt can be maﬁ q.!in"!"v AXI14
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In some cases the given-figpreis mmmetricﬁﬁﬁﬁﬁ"; honzontalarvertical line such that the

centroid of the plane ar L!‘H:T . o T
?:.iﬁ* BT D« \J I

:MF TECHNOLOGY
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-
2,

# 'F'-"-'F_f

bi2
The above fioure 15 symmetrical gbout a vertical line such that G lies on the line of symmetry.
Thus
A= b2,
b o'
The centroid of plang peometric area can be located by one of the following methods
aj Graphical methods

_—_—m—m——
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by Cieometric consideration

¢) Method of moments
The centroid of simple elementary arcas can be located by geometric consideration. The centroid
of a tnangle is a point, where the three medians intersect The centroid of a square is a point
where the two diagonals bisect each other The centroid of a circle is centre of the circle isalf

METHOD OF MOMENTS TO LOCATE THE CENTROID OF PLANE AREAS

'L-ll“ |”f-‘r

et

P =
D I\
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LEES . ;&"-?I f -'-—-I
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Let us consider a pl&ne A.r il m el G Eﬂ lﬁe u:l of the plane area It is
ra-m.ured to locate the po ot nf“ ﬁ"rﬁ-'l‘d G wit peﬂ‘ch the refﬂ'ance axis like Y- axiz and
Xi- axis i e to caloulate X dad 5T L& 03 &dide the Livdibidd & into smaller elemental areas a;,
BB i nssmmmﬂgure Letga,g;_ - S bﬂﬂwmnmmﬂfelﬂmenmlarmm 82, 33
........ etc. A ! et y
¥a |

||.-l\_|'

Let x;, %2 %3 etc bc«ugmutwahheﬂnl-@dsﬁj é_%:gfq m: ﬁmi 'E:,ms Js l-.l-.-kw---—fl

The sum of the moments of the elentémal areas about Y axis is

(TN ARt D £ YO o (2)
Equating (1) and (2)
H..T=ﬂ.|.:'h‘ﬂ1 Ll L[, ¢ PR
A%+ %L o
X A
ay  Jaat
X B T
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Where a or dA represents an elemental area in the area A | x is the distance of elemental area
from Y axis.

Similardy
alvHa v2+adyM........
i A

Qap) [y
T A ¥ A

TO LOCATE THE CENTROID OF A RECTANGLE FROM THE FIRST PRINCIPLE
{METHOD OF MOMENTS)

] :-.-,{_:'_T_I
S LT T T T T 7= = .
£ !{: r.\] IS :‘:‘;f; fl: =\
LI ([i” X G ' ] QNE'H N
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; ‘.-"I 1"-. ! _.|| {
r.i\ E . ;l? ; é}"if'lﬁ“f r_ﬂ
N , / - /

= 1 A s ey

. \ T o W rah o
Let us consider Iﬁﬁ %’ by %&P ?ﬁdﬁth@ Igt;ﬂ-thﬁmlrmd of the tectangle.
Let us consider the X and™Y aiis #¢ shown i the fighre. i

Let us consider an demental sigald A GF bieddth B and Bepok 8 Uknd at a distance of y from the

X axis. ,:J': e, © e 0 a . 8
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Centroid of a semi circle
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Let us consider a semi-circle, WTH;'E
gt dideapoiripiey T 111 117N

= o R o

x and y axes as shown in-figure,
Let us consider an ‘area |
curvature, the elem};n' eeom
Lety be the di i.dr]' .
f L 1
p. |
Here y= =-3~ ]]'Ig/:},--ﬁ
Y £ A
ey | |
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F= — Centrdid of & quan-:er circle _E[IH]
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A
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Let us consider a quarter circle with:
quarter circle. Let us consider the ¥

Let us consider an elmn@ﬁ‘e,ﬂ:.l \
Let ‘y" be the di centroid.
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Cenlroid of Seclor of a Cincle
Considor the sector of a circle of angle 2o a5 shown in Fig

Area of the element = rifd dr

lts moment about ¥ axis
w rilfd = dr w Fcos @
=r cos 8 drdé

o Total moment of area about ¥ axis

A
-H'llhu
N
3
i

[ ]
=
(3]
=
=
=

Total area of the secor

The distance of centroid from centrs O
B Mommnent of area alsout | axis

1RCIV14/24

Due to symmaotry, centrold lies
on x axis. To find its distance from the centre O, consider the elemental area shown

Area of the Agure

3
E%ﬂnu

- ———— = ——sin
Roa ex
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Centroid of Some Common Figures

Shape g = Ared
h
N - 3 7
b
28 e
Cri o e (1] '; T

!
i
e
9%
o5,

IR
s || el e | B P || -

¥
¥ ia In 2ah
— i%_\.ﬂ, T 5 5
= =il
¥
¥
. ia Erd a
Parabolic spandred l‘ o I = Y b =
——

4.5 Centroid of Composite Sections

In engineening practice, use of sections which are built up of many simple sections is very
common. Such sections may be called as built-up sechions or composite sections. To locate the
centroid of composite sections, one need not go for the st principle (method of integration).
The given composite section can be split into suitable simple figures and then the centroid of
each simple figure can be found by inspection or using the standard formulae listed in the table
above. Assuming the area of the simple figure as concentrated at its centrond, 1ts moment about
an axis can be found by multiplying the area with distance of its centrond from the reference axis.
Alter determining moment of each area about reference axis, the distance of centroid from the
axis 15 oblained by dividing tetal moment of area by total area of the composite section
PROBLEMS.
_—_—
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€} Locate the centroid of the T-section shown in fig.

* = "
TEs g =7
A S

%9: 100

—+] zln o S‘\‘E’\:l'j—_j ; 4 =3
! - g
Al denensions in S/ et RO,

Solution. Selecting the axis as shown in Fig. we can
say due to symmetry centroid lies on y axis, ie. ¥ = 0.
MNow the given T-section may be divided into two rectan- ;’T:’g\'\

gles A, and A; each of size 100 x 20 and 20 x 100. The \ & |
centroid of A, and A, are ¢,(0, 10) and (0, 70} respectively. '\JK q
". The distance of centroid from top is given by: t‘:q._{‘ )
_ 100 x20 x 10+ 20 x 100 = 70 o (
¥ =TT 00 %20+ 205 100 ‘xr
= 40 mm =7 =]
Hence, centroid of T-section is on the symmelric axis at a 7 :'
distance 40 mm from the top. Ans. P

B WﬁMTﬁl@ﬂﬁﬁE
Wd AW L9 W
() Find the centroid of the dbéquial andie BobrF1 3T nf! shiswi in Fig.

150

F=+—igiNotes.in
200 .:A‘E
s
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Solalion. The given composite figure can be divided into bwo rectangles:
Ay = 150 « 12 = 1800 mm’
A, = (200 - 12) « 12 = 2756 mm?
Total arca A=A + Ay = 4056 pven®
Selecting  the reference axis ¥ and v a5 shown in Fig. 2.30. The centrobd of A is g, (75, §)
and that of A, i=

g2 6,12 +%:zm— 12)

LE Yy (6, 106)
3 Movement about y axis
x —
Total area
_ A+ A -5-
T A T
_ 1800 x75+2256 6 g )
4056 =]
— Movement about 1 axis =
¥ = [Tl —
Total area g
_ Ay + A0 R\]‘-‘;} 'I
a e VALY
_ 1800 = 6+ 2256 = 106 = E1.63 mram :
4056 (3N
Thus, the centroid is at ¥ = 3667 mm and ¥ = ALAZ mim sz shown in the figure Ans
e PR

% | L o E———
p \ \H AR

0} Locate the centroad qi"l!'ﬁ;t I-fectipn shoWiinFg 11 D f"=? "|'"

f | ‘
S = .HHDLGGY
| 2 o
20 o Tes.in
A
1040 +g,!
4\:3
| [
4 e ¥
B Y N 4 I
_L i -
- 50— 4

All dinsensdons in mmn

-_—_——m—
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Solulion. SEI.EEHHE the eo-ordinate :d_\-‘ﬂh.m ag shown m F||:|+. A s s_'!.'mnu"ﬁ‘:r ceritrodd muast
lie on ¥ axis,
LE, =i

Mow, the composite section may be split info three rectangles
Ay =100 = 20 = 2000 mm?
Centroid of A from the origin is:

20
I:.ll'-'?-ﬂ+1L!J+—;_';' = 14 mm

Similarly Ay = 100 = 20 = 2000 mm?
10
b= M+ -r = 8 mm
Ay =150 = 30 = 4500 mm”, and
)
¥y= — = 15 mm
2
S Wik - S
- A
200H0 -+ Waplh -2 W00 o S+ 500 = 15
20000 + 20000 + 4500
= 371 mm
Thus, e cemtroid &5 pn Hhe symmetric axes of @ distapnce 59.71 nom from the boltom as shown in
Fig, Ans,

D IE
’Ermm“l"":"' H TF I
[N EA-TITI_TTT OF TECHNOLOGY
W ' |""~-, & (] o = ¥
! ‘all :“‘ A\ [.rﬁ'l e 7 €9 | r’I:Il'
u :-" |~| ! 9% | ool U 'l
Component Area (mm”* J = Ximm) | Y {mm) aX a¥
Cuarter circle -1256.64 1697 1697 -21325 2 213252
Tnangle O 40 50 36000 45000
Rectangle 2400 il 20 T2000 4RO
Y aX = Y a¥=
Vo= 204336 R66T4 82 TI674 82

se= 42 42 mm; A= 3508 mm

-_—_——m—
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Find the centroid of the shaded area shown in fig. obtained by cutting a semicircle of diameter

100mm from the quadrant of a circle of radius | 00mm, (Jan 2011)
Y.
0 ika < T0 THE
"o /
OV [ ] Y2
NS S
Componen Area (mm”) Y % ay
i L4
(uarter circle TR33 98 - A-+333322.9 3333229
L LI
Semi aircle -3 = (-1 96 -A33307
%EE%} | R },f_ﬂhrwm_
z;a'x- 39&3@

At ) L[ Fsesaa | {20092 2
[ %S(aﬁ.

7
b
®

'ﬂ = \
QAMI% \IDGE

INSTITUTE OF TECHNOLOGY

r’;"q_"ﬂ ﬂ\j\ “ Jﬂ} [| | i

[f
<

O :1'3“’ 28 . 1N

.,.;-

-_—_——m—
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MODULE 5
KINEMATICS
INTRODUCTION TO DYNAMICS

Drynamics 18 the branch of science which deals with the study of behaviour of body or particle
in the state of motion under the action of force system. The first significant conmbution to
dynamics was made by Galileo in 1564, Later, Newton formulated the fundamental laws of
mation {:_‘I:h- T0O

'~E'- - ~
Drynamics branches into two ﬂmﬁhaiqﬂbel\éhmtmamﬁgndﬂn&a

if H,__f.f .‘{wf"x

_- |||I' l‘ﬁ‘?ﬂl : 1 .-F
Kinematics 15 the study ﬂf[ﬂlﬂﬂl{ﬂ]&hﬁ!},ﬁwﬂ ; mkhﬂveim:t}r acceleration and time

of the given motion wrffglﬂ:imsuie

branch of -:Iwamlj:,&:ﬁ \U&iahi ¥:

under the system r wiﬂmﬂl:
A e |

the f;mﬁgs_{iaat ciue.s the m&Tm., or Kinematics is the

=

the body and ﬂ'u:plﬂtﬂn_nf.hud}r, or K m 15 the {}f &}n‘hﬂmms deals with the
study of properti e matine sibebie bee I‘_'u:n:l!.-' igl

such waiythat the fofces which cause

the motion of body are mg_;_’h takﬂn 1 fai — 1
\MBRIDGE
THCERICAL TR Rﬂ{m W’T’E}E‘PTTEC HNOLOGY

Motion: A body Qﬁ‘ﬂ"“ﬂ‘ &Uﬁbﬁ{ H“} S TP o I_':F"-' | .

.-'

poini.

Path: It 15 the imaginary line connecting the position of a body or particle that has been
occupied at different instances over a period of time, This path raced by a body or pamicle

can be a straight line/liner or curvilinear.

risplacement and Distance Travelled
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P —> Pozition of the narficle at anv ime 11
x1—> Dhsplacement of panicle measured in +ve direction of O

= & - » o -~ Displacemenl is a vector
In this case the total distance travelled by a particle from point O to P to Py and back to Oas

quantity, measure of the interval between two locations or two peints, measured along the

shortest path connecting them. Displacement can be positive or negative.

Dristance 15 a scalar quantity, measure uf'mfﬂtwﬁu-emreeﬂ two locations measured along
the actual path connecting them. [y mahLul‘utﬂ 4&%13' and always posifive.

] : AES
.-I-IIIIII Illl'lm_l_l":. ]
1 " | RN £}
numbernf'malannea That is. | -n ok s different velociies Via ¥2. Vi attimes t=

L | &
/
mm To define this

FEinl O called ongin

Average velocity, When an nb %ﬂi}ﬂs char :ﬁuﬂs at different instances, the

average velocity is given by t

ifferent instances divided by the

"'u".fi{". e, Ty 1 \1
] | Nk
A particle in a n:cn ; pics

4 in pﬂﬁ'i ol ¢
position P of the p clg,»ﬁﬁ'lhn ﬁ v

thoose 4o :
{Figure 5.1} The ne LE ¢ patticle frontthe origin/is o
s i/

LY .

INSTITUTE OF TECHNOLOGY

@DigiNotes.in

= Figure 5.1
Let,

Total distance travelled = x+ %+ x; + %3 = 2{%; + x; Whereas the nei displacement is zero

-_—_——m—
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Rectilinear Mation notes:

“Rectilinear motion™ represents an object moving back and forth linearly {either up/down or
left/nght) but not both at the same time (we will deal with that when we do vectors in BC)

Let s{t) represent the position of an object at any time . Position can be positive or negative —

indicating whether above (rt) or below (1t) of the origin

Average velocity on an interval [a, b], would be the change in pogition divided by the change in
Velocity: Rate of change ::rfdug:nlacemmgl. tl:lirﬁ.]:re-cl to ime s called velocty dencted by v,
Mathematcally v = dx/dt -..:#‘L I [~ i’ff;.

_‘:\:- | ' .I-'- .ﬂ-. ,-_":,..-

Average velocity, When an uhjml‘mkrgms r:.h ‘ik |{l vd;ﬁau-:s al different instances, the
average velocity is given by tE.e AT \'E',l ifferent instances divided by the
|1um|:=ernf'|.nslﬂ|1cn::s That is, |Emﬂ brecth oz Vo At tiMes t=

| V‘—-{fﬁ” )

Instantanecus 'éng :
] f_}
I:. i ) i '|I|:||I|| N i i1 I%
B 4 i

Speed: Rateafqghm'tgtuf'gfmnoe I:rawal;jadh hepﬁ cle mmreqm:r yn e 13 called

H
Accelemtltrn Rat-a‘-nf—c;hmg% Erf' velocity pect to nlﬁﬁ&ﬂﬂﬁdﬂamﬂeraﬁnn

Mathematically a = ﬁ‘iﬁf:j;g '|\17"f'|l ]H-. |[ ﬂ 3’ :} 15

Averape Accslerstion INSTITUTE OF TECHNOLOGY

of ime. To

Go Paperless - Save The Earth

Consider a pu.iﬁdﬁw% sﬂuil}d m:gjaf.‘anm cﬂ' -ﬁﬂﬂl"ﬂrﬂ,&n‘j* mslall‘nt EF'Fm:: t having a

velocity v. Lﬂﬁﬁﬂwnﬂﬁpﬁsh:}'ﬂﬁf mﬂm:ﬂ’fi ungmmthﬁ
v + Avl. Bee Fieure 5.2,
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h)—slat |

—2

tume:

v(t) = velocity of the object at any time t, or the imstantaneous rate of change of position with
respect 1o time = derivative of position (5°(1)). This &lse can be positive or negative depending
upon the direction of travel + up/nght, - down/lelt

Speed = absolute value of velocity

alt) = acceleration of the object at an".r ttme l: :}r lhe instantaneous rate of change of velocity
derivative of velﬂcity vi{t) = second ﬂﬂﬂ-. a"{t} Acceleration can also be
positive or negative depending on 1]1::‘ hange,ﬂf

When discussing what is happ:n'& 'm‘lhg.‘h DH-&&!; uﬁhgllfhelﬁ'&l to know if it is “speeding up™
or “slowing down" = speed :ncrmgwi-” decreasing, Q dﬂ"{l:ﬂ:& must look at signs of BOTH

velocity and acceleranon and con _'Qg;;ﬁ Saile 'ﬂl ex;;Emh positive or both negative) then

object is speeding up (speed 15 i 3 fene positive and the other negative)

then the object s slowi Wi | Speee |=-' -
—'l: . | [ .-"— L
To put all of this Lr_:;g:{lﬂ;rerqlﬁ d;ﬁ: the fr T-n: like tor ke s wdmt,_scn examples:
W 4 | [ (O
Ex. The pusuu}n J]Eun;.tu::p s{t]n d-fl int P ik fgiven 0 *' HTF. It% ¥ 361 — 20, with t in
seconds and s(t) in celmm}gm:s Die ribe th rnc*mn during the mte.i:l.. [ l,[{:l]
*Note: if they dun’t give an interval, jcq 1.
= Find viljsEﬂ au}ﬂq q'l'uuhtn!![l pe L |
g/ - [
vit) = 3t = 24t + ’%f. 3{:—::{%1-*?—-*‘ h; + if;;’f“‘ RE G+ 2
aft)=6t=24=10 —}1—4' s ST 4+ g
QL‘—-*j% b*ii‘ﬁtuhmﬂph;lﬂﬂdes“
IMHI [TUTE OF TECHNOLOGY
| I:_‘_. :I.Il!. | -'__ | | L‘
**Make a chart — hreak up-}fr,mr I ﬂils ﬂl‘t‘.l'll-'ﬁtft vit) 5ﬂ‘nr'nft] ek
vit) Direction alt) Speed inc/dec
{-1,2) I Right/up - D
t=2 0 changing = Q
(2.4) . Left/'down . Increasing
t=4 - Left/down 0 | Constant
(4.6} - Left'down + Decreasing
t=6 0 Changing &+ 0
(6.9) + Right/up + Increasing

-_—_——m—
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**Mote that when signs of v(th and ait) are the same, the speed is increasing. When the signs are
the opposite, the speed 15 decreasing  Remember that speed = absolute value of v(t), so if v(i)
=i then speed=0 too. When ait) =0, the object is not accelerating so it is at a constant speed

This chart “describes the motion™ = this is all you need w provide You should show all
derivatives and number lines.

Ex. Suppose a weight 15 osaillating on a spring and s(t) = 10 cos { gr} where t 15 in seconds and

(1) i% in centimeters. Describe the motion on the imterval [-1, 13].
: TO THE
wit) = —j—nsmgnw =i=t=?}ﬂ"ﬁ?{"-ﬁl [ s b 6 + 12 -13
3 ! % \ [ | i o N L
"':!-._" l"-. '_'_'_.-'-J—I_-I-_h{:.“_-"' 7 f,.-

~

““*'ﬁ“"%ﬂ‘” A == 2
..__Il::li cralrie—o = |_:| :

t V(1) Direditn [a(D) Spded Tneier
{-1,0% + ., P -ﬂ;ﬂ | e ﬂﬁtl"-. h.-:_:... |
t=0 00\ (Chargng] | (41 i1\ ()
(0, %) T I | N g
=3 -5 Sipowh |l L fodsant—7
(3.6) - 1 72 |powh [} E B [N
=5 T 7 {Chwigng |\ B 7 <]
(6.9) Hy NS ol )
=0 o lp oo |00 A Constgnt 4
{2,12) i Lp" i e Deg ————
=12 1] _"'Ch'ﬁ'l'tg_'ng il il
(12.13) - g Adgen DA TR T Ueq v 10

R WA A | N

**Should start to notice th . rwhich should make sense 1f
you picture an object mm-ir?ﬁmﬁﬂ%ﬂﬁﬁlﬁﬂ
Ex. A projectile it fired siriiight Upward friom a'50 fi tall building with & velocity of 100 fi/sec.
From physics, its‘;;l_!sﬂnhciﬂbn;?_k gﬂm'ﬁ,imhnd_ﬁtiﬂ@g;ifﬁe'ﬁqﬁfﬂgﬁﬁds 'L.ngﬁii&n by s{t) = -161° +
100t + 50 W & U N U | 7 I P U U

a} Find the time and velocify at which the projectile hits the ground.

by Find the maximum altitude (height) achieved by the projectile

c} Find the acceleration at any time 1.

i e
e

a) MNeed to figure out when hits ground == sit) = 0 == Usc quadratic formula t =
6.7153517 sec. Then fmnd v(t) —take the denvative — and plug in 6. 7153517 sec
vit) =32 + 1) == w6 TI53517)=- fi's

by Max height occurs when projectile is changing direction - when vit) = (. So find this
and plug the time back into 2(t) to get the height

-_—_——m—
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V(1) = =32t + 100 = 0 => = 25/8 sec. => s{25/8)= fi

c) alf) =v'(1) =8"(1) =-32 ft's’ . This should make sense to anyone who took physics as
this is the gravitational constant when in these units, If were in meters, then it would
have been -9.8 m's”

=
E #%* If looking at the graph of v(t), could determine info about s(t) just like determined

information about f{x) given [ *(x) — it"s the same thing! We will look at some of these in class
E next week as a review, ﬁ{}t‘f“ THE 5,

N I. ,
r SIS
4 o il '\";\]
T L t
E‘ fzy N7 | v NY
a. ) Il
8 (M L ;Q _%
; A ¥ h
CAMBRIDGE
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S
o
@
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